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Pollutant dispersion in natural systems, such as rivers and atmospheric flows, repre-
sents a major environmental challenge with serious consequences for ecosystems and
human health. This study focuses on the steady-state transport of a pollutant in a
one-dimensional domain governed by coupled advection and diffusion processes. An
exact analytical solution of the governing ordinary differential equation (ODE) is de-
rived and complemented by a numerical solution obtained using the finite difference
method, which is solved through the Gauss—Seidel iterative algorithm. The numerical
implementation is carried out in Python, and the results are graphically visualized to
allow a direct and reliable comparison between analytical and numerical solutions. To
provide a physical interpretation, the system is modeled as a simplified river segment
with clearly defined boundary conditions, illustrated by a TikZ diagram. The model
assumes constant advection velocity and diffusion coefficient, an assumption that is
justified under steady-state conditions typically encountered in controlled environ-
mental studies. The results demonstrate a strong agreement between the analytical
and numerical solutions, with a maximum absolute error of 0.000128 and convergence
achieved after 2505 iterations for n = 100 grid points. Furthermore, second-order
convergence is observed as the spatial grid is refined and parameters such as ¢ are
varied, confirming the reliability of the numerical scheme. Finally, the implications
for environmental monitoring are discussed, and future research directions are pro-
posed, including stochastic extensions, fractional models, three-dimensional formula-
tions, and the integration of experimental data.
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1 Introduction

Pollutant dispersion in natural systems, such as rivers, lakes, and atmospheric streams, remains a major environ-
mental concern because of its direct impact on water quality, air purity, and ecosystem stability [5, 23, 26, 28, 42].
A rigorous understanding of the fundamental transport mechanisms—advection, driven by fluid motion, and dif-
fusion, driven by concentration gradients—is essential for predicting pollutant fate and for designing efficient
mitigation and remediation strategies [7, 8, 18, 21, 41]. In this context, mathematical modeling has become a key
tool for analyzing and forecasting pollutant behavior in both natural and engineered environments.

This study focuses on the modeling of pollutant dispersion in a one-dimensional (1D) steady-state system, rep-
resenting a simplified river segment in which contaminants are transported by a constant flow velocity and spread
by diffusive processes [19, 25, 30, 38]. Although real aquatic systems exhibit complex, time-dependent, and mul-
tidimensional dynamics, reduced-order models remain indispensable for isolating dominant physical mechanisms
and for providing rapid preliminary assessments.

Recent advances in dispersion modeling have introduced fractional-order derivatives to capture anomalous
transport phenomena in heterogeneous and porous media, thereby improving predictive capability in complex
environments [31, 32, 35]. These approaches have demonstrated that classical integer-order models may fail to
describe long-range memory effects and non-Fickian diffusion observed in real systems. Nevertheless, steady-state
integer-order formulations continue to play a crucial role as reference models, offering analytical tractability and
serving as benchmarks for validating numerical and fractional extensions. The present work adopts this classical
framework while ensuring a rigorous analytical-numerical comparison.

The proposed model provides concentration profiles that are directly relevant for environmental management,
regulatory monitoring, and emergency response scenarios, such as chemical leaks or accidental industrial discharges
[2, 20, 26]. By restricting the analysis to a 1D steady-state configuration, the complexity of natural systems is
reduced while preserving the essential physical processes, making the model both computationally efficient and
analytically solvable [14, 36]. This formulation is particularly suitable for stable flow regimes where temporal
variations are negligible [3, 22].

Both analytical and numerical approaches are employed. The analytical solution serves as a reference bench-
mark, whereas the numerical solution, based on the finite difference method (FDM) and solved using the Gauss—
Seidel algorithm, offers a flexible framework for future extensions [4, 6, 29, 34]. The model assumes a constant
advection velocity (a = 1 m/s), a constant diffusion coefficient (¢ = 0.1 m?/s), and a uniform source term
(F(z) = 1 kg/m3/s), representing a steady pollutant release, such as continuous industrial discharge [10, 11].

The boundary conditions C(0) = 0 and C(1) = 0 correspond to clean inflow and outflow conditions in the river
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segment [16, 42]. The relative dominance of advection over diffusion is quantified by the Péclet number,

which equals 10 for the present parameters, indicating moderately advection-dominated transport [1, 39].

Novelty of the Present Study

Compared with existing works, the novelty of this study lies in the systematic validation of a finite difference
numerical scheme against an exact analytical solution within a controlled steady-state advection—diffusion frame-
work. While previous studies have either focused on numerical simulations alone or introduced advanced fractional
formulations, few works have emphasized the rigorous verification of numerical accuracy through direct analytical
comparison under clearly defined physical conditions.

In addition, this study explicitly demonstrates second-order spatial convergence of the numerical solution,
providing quantitative evidence of the reliability and stability of the computational approach [33, 43]. This dual
analytical-numerical framework establishes a robust reference platform that can be extended to more complex con-
figurations, including variable coefficients, time-dependent transport, or fractional-order models, while preserving

a well-validated baseline.

1D River Transport Model

I:' River Domain

—> Flow Direction
Source Term

Source: F(z)=1/3/

Flow (a = 1/) C'(x)| Boundary Conditions
— [0, 1] (@) /
x=0 z=1
C(0)=0 C(1) =0

River Segment

Figure 1: Simplified 1D river transport model.

This setup simplifies the complex dynamics of a real river by assuming uniform flow and constant diffusion,

enabling a focus on the interplay between advection and diffusion [3, 5, 36].
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2 Mathematical Model

2.1 General Advection-Diffusion Equation

The general 1D advection-diffusion equation, including time dependence, is a partial differential equation (PDE):

ot " Yor ~ “ox2 v

where:

C(z,t) : the pollutant concentration,

a : the advection velocity considered constant,

€ : the diffusion coefficient also considered constant, and

o F(x) : the source term considered constant in this study.

[10, 25, 38, 41].

(1)

Recent extensions to fractional orders have been proposed to model anomalous diffusion in heterogeneous

media [28, 31].

2.2 Stationary 1D Advection-Diffusion Equation

In steady-state, the time derivative vanishes (%—? = 0), reducing the PDE to an ordinary differential equation
(ODE):
d*C dCc
—EW%—CL% =F(z), C(0)=0,C(1)=0 (2)

With a, F(z) assumed constant as stated earlier, the equation becomes:

#C o
@ A
[6, 14, 22].
2.3 Analytical Solution
For F(x) = 1, the analytical solution is:
—1
) = o — P/ C(0)=0,C(1) =0
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This solution captures the balance between advective transport and diffusive spreading under constant forcing

[10, 20, 29).

3 Numerical Model

We discretize the one-dimensional steady-state advection-diffusion equation using finite differences [7, 17, 25, 29].
The numerical model consists of three key components: derivative approximations, discretization of the governing
equation, and solution of the resulting linear system [4, 12, 36].

3.1 Finite Difference Approximations

3.1.1 First Derivative

The first spatial derivative of C(z) is approximated using a second-order central difference:

Cit1—Ci_
N mg 2L — il
C'(z;) 5T . (5)
Derivation via Taylor series:

! h2 " h3 " 4
C(zi + h) = C(x;) + hC"(z;) + ?C (w3) + FC (zi) + O(h%), (6)

/ h2 1 h’3 " 4
C(x; —h) = C(x;) — hC'(z;) + ?C (z;) — FC (z;) + O(h"). (7)

Subtracting yields:

P St 9
de |, 2h ’ 9)
accurate to O(h?) [13, 17, 41].
3.1.2 Second Derivative
The second derivative is approximated by:
Ciy1 —2C; + Ci—
C”(:,E,L') ~ ZJrl (2 + i—1 . (10)

h2
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Adding Taylor expansions:

4
Clas + h) + Clan — h) = 20 (x:) + h2C"(23) + %cfff(xi) + oM, (11)
Rearranging:
. _ . . 2
C//(xi) _ C’L+1 QhC; + CZ,]_ i %C///(l'i) + O(h4) (12)

d*C|  Ciy1 —2Ci 4+ Ciy

~ 13
dz? |, h? (13)
This preserves second-order accuracy and symmetry for diffusion-dominated problems [1, 29, 30].
3.2 Discretized Governing Equation
Substituting into the steady-state equation:
Ciy1 —2C;+Ci1 Cip1 —Ciq
- =1. 14
y h2 LT (14)
Multiplying by h?:
h
—£(Cip1 —2C; + Ci—1) + §(Ci+1 — Ciq) = 12 (15)
Rearranging:
€ 1 2e € 1
—5+t57)Ci —Ci+|—35 57 )Ci-1=1 1
(2 BonsZar (5 Do "
_aci71+ﬁci_’yci+1:f’ia izla"',na (17)
where
1 € 2e 1 € 1
=———, B=2, y=-————  h= . 18
Eon T TR 7T Ty n+1 (18)
The tridiagonal structure suits iterative methods [4, 13, 19].
3.3 Iterative Solution Algorithm
The system is solved using Gauss-Seidel:
o) o®)
ok+1) _ Ji =704 it (19)

' B
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Convergence criterion:

max | — c® | < 1076, (20)

7

Iteration counts for 107%: 19 (n=2), 213 (n=25), 734 (n=>50), 2505 (n=100). For larger grids, SOR with w (
1 < w < 2) accelerates convergence [29, 34].

This ensures stable computation [1, 7, 17].

Central differencing is acceptable for Pe . = % < 2 (= 0.05 for n=100), but upwind schemes are recommended

for Pecey > 2 [1, 3, 17].

Figure 2 shows the flowchart.

START

Initialize Ci(o) =0,k=0

For i =1 to n:
o) _ 129080 —ac)
i B

k=k+1

max; |C*T — g®)| < 10767

YES

Output C;kﬂ)

END

Figure 2: Flowchart for the Gauss-Seidel method.

4 Results

The numerical scheme is implemented in Python and solved iteratively using the Gauss—Seidel method. The
simulations are performed with a diffusion coefficient ¢ = 0.1, a uniform grid with n = 100 interior points, and

a convergence tolerance of 1076, The iterative process converges smoothly for all tested grid resolutions, with
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the number of iterations increasing as the grid is refined, reflecting the higher computational cost associated with
smaller spatial step sizes.

Figure 6 presents the comparison between the exact analytical solution and the numerical solution obtained
with n = 100. An excellent overlap is observed throughout the spatial domain, confirming the high accuracy of
the finite difference discretization and the effectiveness of the Gauss—Seidel solver in resolving the steady-state
advection—diffusion equation.

To further assess the numerical performance, a grid refinement study is conducted. Figures 3-5 illustrate the
evolution of the numerical solution as the number of grid points increases. For coarse discretization (n = 2), the
numerical profile deviates significantly from the analytical solution, especially near regions with steep concentration
gradients. As the grid is refined (n = 25 and n = 50), the numerical solution progressively approaches the analytical

curve, indicating a systematic reduction of discretization error.

Exact vs. Approximate Solutions, n=2

1.25

1.00 1

0.75 4

0.50

—e— Approx, e=1
0.00 —— Exact, e=1
—e— Approx, £€=0.5
—— Exact, €=0.5
—e— Approx, €=0.1
—— Exact, €=0.1
Approx, €=0.01
—— Exact, €=0.01

Concentration (kg/m?) C(x)

—0.25 1

—0.50

0.35 0.40 0.45 0.50 0.55 0.60 0.65
X

Figure 3: Comparison of exact analytical and numerical solutions for n = 2 (a=1, ¢ varied).

The quantitative convergence behavior is summarized in Table 1, which reports the number of Gauss—Seidel
iterations together with the L., and Lo error norms for increasing grid resolutions. A clear monotonic decrease in
both error measures is observed as n increases. For instance, the Lo, error decreases from 2.66 x 10~! for n = 2 to
1.28 x 10~ for n = 100, while the Lo error is reduced from 1.96 x 10~! to 7.28 x 1075, This significant reduction

demonstrates the consistency and stability of the numerical method.

Table 1: Error metrics and iteration counts for different grid resolutions n (with a=1, ¢ = 0.1).

n Iterations Laeerror Loerror
19 0.266 0.196

25 213 0.00454 0.00200

50 734 0.00112 0.000476

100 2505 0.000128 7.28 x 10~°

When the grid spacing is halved, the numerical error decreases by approximately a factor of four, which is
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consistent with a second-order spatial accuracy, confirming the expected O(h?) convergence rate of the finite
difference scheme.

Figure 4 highlights the numerical and analytical solutions for n = 25. At this moderate resolution, noticeable
deviations remain, particularly in regions where the local cell Péclet number is higher. These discrepancies are
primarily attributed to numerical diffusion effects and the limited ability of coarse grids to capture sharp spatial

gradients.

Exact vs. Approximate Solutions, n=25
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Figure 4: Comparison of exact analytical and numerical solutions for n = 25 (a=1, ¢ varied). Significant deviations
due to coarse grid and higher Pe ;.

With further refinement (n = 50), the numerical profile becomes substantially closer to the analytical solution,
as illustrated in Figure 5. The reduction in both the amplitude and spatial extent of the error confirms the

progressive elimination of discretization effects.

Exact vs. Approximate Solutions, n=50
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Figure 5: Comparison of exact analytical and numerical solutions for n=50 (a=1, ¢ varied). Error reduction with
refinement.
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Finally, for n = 100, the numerical and analytical solutions are nearly indistinguishable across the entire
domain, as shown in Figure 6. This excellent agreement confirms that the proposed numerical framework is

capable of accurately resolving the steady-state advection—diffusion process under the prescribed conditions.

Analytical Solution
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Figure 6: Comparison of analytical and numerical solutions for n=100 (a=1, ¢ = 0.1 varied). Error reduction
with refinement and excellent overlap confirming accuracy.

5 Discussion

The analytical solution reveals a smooth and physically consistent concentration profile, increasing from zero at the
upstream boundary (z = 0) to a maximum located near z ~ 0.8, before decreasing back to zero at the downstream
boundary (z = 1). This asymmetric distribution reflects the combined influence of advection-dominated transport
and diffusive spreading. For the finest grid (n = 100), the numerical solution is virtually indistinguishable from
the analytical curve, demonstrating the reliability and robustness of the finite difference implementation.

In contrast, for coarse discretization (n = 2), significant deviations are observed, particularly for low values of

the diffusion coefficient €. These discrepancies arise from the inability of a coarse grid to resolve steep concentration
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gradients and boundary layers. As the mesh is refined, the numerical approximation systematically improves, and
by n = 50, the numerical solution closely follows the analytical profile. The observed reduction in error is
consistent with the second-order accuracy of the spatial discretization, as evidenced by the O(h?) convergence
rate. This indicates that, for the present parameter regime, a minimum resolution of n 2 50 is required to obtain
quantitatively reliable results.

The location of the interior concentration peak is strongly governed by the Péclet number. For the present case,
P, = 10, indicating moderately advection-dominated transport. Under such conditions, the pollutant plume is
convected downstream before being significantly diffused, which explains the shift of the maximum concentration
toward the outlet region around x =~ 0.8. From a practical perspective, this finding has important implications
for environmental monitoring: sparse or poorly distributed sampling points may fail to capture the true peak
concentration, leading to systematic underestimation of pollutant loads. Therefore, monitoring strategies should
be adapted to the local transport regime, with sampling density explicitly guided by the magnitude of P, [20, 36,
38, 42].

From a physical standpoint, the results confirm that insufficient spatial resolution in either numerical simu-
lations or field measurements leads to an underrepresentation of concentration extremes. Although the present
formulation assumes steady-state conditions, it remains relevant for river segments characterized by nearly con-
stant flow and continuous pollutant input. However, in more realistic scenarios involving variable discharge or
episodic releases, transient effects may become dominant, suggesting that time-dependent extensions of the model
are a natural and necessary progression [2, 8, 28|.

The present findings are in strong agreement with recent studies on pollutant transport in surface waters
and environmental flows, which similarly highlight the central role of accurate numerical resolution in predicting
dispersion patterns and assessing environmental risks [5, 18, 21, 30]. The high level of agreement between analytical
and numerical solutions further validates the proposed framework as a reliable tool for river pollution monitoring
and preliminary impact assessment [3, 6, 26]. Moreover, when compared with fractional and anomalous transport
models, the classical advection—diffusion equation used here provides a well-defined benchmark against which
non-Fickian effects can be systematically evaluated [19, 35, 41].

Finally, the novelty of this work resides in the rigorous validation of a finite difference method coupled with the
Gauss—Seidel solver for moderate Péclet numbers. By demonstrating both analytical consistency and second-order
convergence, this study establishes a scalable and computationally efficient reference framework for environmental

transport simulations and for future extensions to more complex dispersion models [33, 43].
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6 Conclusion and Perspectives

This study establishes a deterministic framework for pollutant transport based on the advection—diffusion equation,
capturing the fundamental balance between advection, diffusion, and external forcing. The results confirm the
viability of this approach for representing pollutant dynamics in hydrological systems.

Future extensions naturally include a fully three-dimensional formulation,

as well as the integration of data assimilation techniques, such as Kalman filtering, to incorporate observational
information into the model. In addition, stochastic parameterizations can be introduced to account for uncertainty

in flow conditions, transport coefficients, and source terms,

2 () VO = V- (DW)VO) + Fv), (22)

thereby enabling probabilistic forecasts of pollutant dispersion.
Anomalous transport phenomena may be described by replacing the classical diffusion operator with a frac-
tional formulation,
oC

o Tu Ve = e(-A)2C+F, a<2, (23)

which allows the coupling of stochastic and fractional models to better represent complex dispersion mechanisms
in heterogeneous environments.

The deterministic scheme presented here provides a validated baseline upon which these advanced extensions
can be constructed, paving the way toward a more comprehensive theory of pollutant transport under uncertainty
and anomalous diffusion regimes.

For high Péclet number conditions, the adoption of upwind or total variation diminishing (TVD) schemes may
be required to preserve numerical stability and avoid spurious oscillations.

The integration of observational data through ensemble-based filtering techniques can further improve param-
eter estimation and predictive capability.

Overall, this one-dimensional model combines analytical and numerical validation, with grid refinement effec-
tively reducing discretization errors. The proposed framework provides a solid foundation for multidimensional

extensions and for environmental impact assessments in more realistic settings.
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