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This study proposes and analyzes a mathematical model for the transmission dy-
namics of COVID-19, explicitly accounting for the ability of the immune system
in some individuals to eliminate the virus before they become infectious. A com-
partmental Susceptible—Exposed—Asymptomatic—Symptomatic—Hospitalized—Recovered
(SEATHR) model is formulated using both classical integer-order derivatives and Ca-
puto fractional-order derivatives. The model is first examined by establishing the
positivity and boundedness of solutions, followed by the computation of the basic
reproduction number Ry. The existence of equilibrium points is proven, and the
asymptotic stability of the disease-free equilibrium is analyzed when Ry < 1. Epi-
demiological data from Cameroon are used to estimate model parameters and calibrate
the system. Sensitivity analysis identifies the most influential parameters governing
disease transmission. Numerical results indicate that Rg ~ 1.6483, suggesting that
COVID-19 remains endemic despite declining mortality. Simulations further show
that enhanced immune responses may contribute to the relatively low morbidity ob-
served in sub-Saharan Africa.
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1 Introduction

Like any other infectious disease, COVID-19, or coronavirus disease 2019, is caused by the SARS-CoV-2 virus,
which was first identified in Wuhan, China, in late 2019 [1, 2]. The SARS-CoV-2 virus subsequently spread
worldwide at an exponential rate [3-6]. The first confirmed case of COVID-19 in Africa was reported in Egypt
on 14 February 2020 and involved a foreign national who had recently traveled from China. Following this initial
detection, several African countries began to report cases, most of which were linked to travelers returning from
abroad. In the subsequent months, infections were documented in many African countries, including South Africa,
Nigeria, Ghana, Senegal, and Cameroon [7, 8]. African governments implemented various measures to contain the
spread of the virus, including quarantine policies, travel restrictions, public awareness campaigns, and limitations
on public gatherings [9-11]. COVID-19 is transmitted mainly through respiratory droplets generated when people
talk, cough, or sneeze, and it can also spread via contact with contaminated surfaces [12-15].

Clinical manifestations vary among individuals and may include fever, cough, fatigue, loss of taste or smell,
body aches, and, in severe cases, respiratory distress or pneumonia. Most infected individuals experience mild
symptoms; however, severe and complicated forms are more likely to develop in older adults and in patients with
underlying health conditions [16-18]. Several preventive measures have therefore been implemented, including
vaccination, mask wearing, social distancing, and frequent hand washing. To prevent infection and reduce disease
severity, multiple vaccines have been developed and deployed worldwide [19-22]. The pandemic has had a profound
global impact, leading to unprecedented social, economic, and health disruptions. Owing to the substantial
resources devoted to combating the disease, many countries have observed a significant decline in incidence rates.
Nevertheless, efforts to control the pandemic continue to evolve through vaccination campaigns and ongoing
research into novel therapeutic strategies.

Research aimed at strengthening the immune system to combat COVID-19 remains crucial [23, 24]. Various
approaches are currently under investigation, including vaccination, antiviral therapies, and lifestyle interventions
such as diet and physical activity [24-26]. The objective is to enhance immune responsiveness so that the virus
can be eliminated before becoming infectious. This field of research is dynamic and continuously evolving as
new variants emerge and scientific understanding of immune mechanisms advances. Although vaccines represent
a major tool in pandemic control, they are not sufficient on their own. Complementary strategies are therefore
essential to ensure an effective and sustained immune response. A thorough understanding of immune responses to
COVID-19 is fundamental to clarifying how the human body combats the disease. In this context, strengthening
immunity through appropriate lifestyle choices may contribute to more effective disease control.

Mathematical modeling provides a powerful framework for characterizing infection dynamics and anticipating

the emergence or decline of infectious diseases. Numerous studies have investigated disease transmission using
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mathematical models [27-30]. Over the past five years, several useful mathematical models have been developed
to analyze the COVID-19 pandemic and to design feasible strategies aimed at mitigating or even eliminating the
infection [31-37].

The originality of our model compared with those developed in [31, 32] lies in the following aspects. In [32], the
authors investigate the influence of nonpharmaceutical interventions on COVID-19 transmission. They consider
both symptomatic and asymptomatic infected individuals but neglect susceptible individuals who are particularly
vulnerable to the disease, such as hospitalized patients. In [33], the authors aim to describe the dynamics of
COVID-19 in Turkey, formulating a classical model that is extended through the Atangana—Baleanu fractional
derivative. In [38], a modified SIQR model is proposed to analyze the transmission dynamics of SARS-CoV-2
considering two variants, Delta and Omicron, and key parameters are identified through sensitivity analysis. In
[34], the authors quantify the influence of nonpharmaceutical interventions (NPIs) on COVID-19 transmission rates
in selected European regions, namely Spain and Italy, from February to December 2020, prior to the introduction
of vaccination campaigns. Their objective is to examine correlations between NPI implementation, variations
in transmission rates, and changes in life expectancy across different age and gender groups from 2019 to 2020.
Their findings provide valuable insights into the effectiveness of NPIs in mitigating disease spread and contribute
to a broader understanding of epidemic control strategies. In [35], the authors model COVID-19 dynamics by
incorporating human behavioral responses and government interventions, and subsequently extend the model to
include both zoonotic and human-to-human transmission. In [36], a novel mathematical model is proposed to assess
the impact of hospitalization, quarantine measures, and pathogen load on controlling the COVID-19 pandemic. In
[37], the authors draw inspiration from SEIR-type models by incorporating asymptomatic individuals, hospitalized
patients, and particularly vulnerable populations at high risk, such as people living with HIV or asthma. These
groups are more susceptible to COVID-19 infection than the general population, which constitutes a key originality
of their work.

Our study is inspired by the existing literature and, more specifically, by [34, 36, 37]. We aim to model the
transmission dynamics of COVID-19 by accounting for the fact that the immune system of certain individuals can
clear the virus before it is transmitted to another susceptible person, thereby reducing secondary transmission.
Following the formulation of the model using integer-order derivatives, we establish the non-negativity of the
state variables, the boundedness of solutions, compute the basic reproduction number Rg, and analyze the local
and global stability of the disease-free equilibrium, as well as the existence of a unique endemic equilibrium
when Rg > 1. Prior to introducing the fractional-order model, we review fundamental definitions and key results
related to the Caputo derivative. We then demonstrate the existence and uniqueness of solutions to the fractional-
order model. Using real COVID-19 data from Cameroon, the model is calibrated through parameter estimation

and sensitivity analysis. Furthermore, we show mathematically that the fractional-order model provides a more
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accurate representation of disease dynamics than the integer-order model. Finally, several numerical simulations
are performed to validate the theoretical findings.

The manuscript is organized as follows: Section 2 is devoted to the formulation of the model using integer-order
derivatives. In Section 3, we analyze the positivity and boundedness of solutions, compute the basic reproduction
number, investigate the local and global asymptotic stability of the disease-free equilibrium, and establish the
existence of a unique endemic equilibrium. Section 4 presents the fundamental definitions and useful results
concerning fractional-order derivatives in the Caputo sense, together with proofs of existence and uniqueness of
solutions. Section 5 focuses on model calibration and sensitivity analysis. Numerical simulations are provided in

Section 6, and the paper concludes with a summary of the main findings.

2 Model formulation

Here, a compartmental mathematical model of the COVID-19 SEAIHR type is formulated. We divide the total
population N into six compartments or classes: Susceptible S, Latent F, Asymptomatic A, Symptomatic I,
Hospitalized H, and Recovered R; thus N =S+ FE+ A+ 1+ H + R. For better visualization, the compartmental
structure is illustrated in Figure 1. According to the WHO, the virus can spread in two ways: human-to-
human transmission and environmental transmission. The main mode of transmission of this disease occurs
through respiratory droplets, direct contact, contaminated surfaces, and aerosols (in closed and poorly ventilated

environments), and is characterized by a force of infection (FOI) given by

N(t)—60H(t)’ (1)

where [}, represents the transmission rate, while 6 denotes the proportion of hospitalized individuals who do not
contribute to the dynamics of virus transmission. Note that § = 0 indicates that hospitalized individuals play a
role equal to that of infectious individuals in transmission, whereas § = 1 implies that hospitalized individuals
do not participate in transmission. Once individuals are infected, the virus spreads at a rate (j, and they are
classified as latent. Latent individuals may recover from the disease and become susceptible again at a rate c;.

All the parameters of the model (2) are positive and are described in Table 1.

New individuals enter the susceptible population at the recruitment rate A through births, immigration, or
emigration. After a latency period of duration 1/7, we assume that a fraction (1 — ¢; — ¢2) of latent individuals
do not develop symptoms during the incubation period and become asymptomatic. However, the remaining
proportion who exhibit clinical symptoms at the end of the incubation period develop symptoms at a progression
rate co.

In our model, asymptomatic individuals may be admitted to hospital if they test positive, at a rate ro.
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Table 1: Description of model state variables and parameters.

Symbol  Description

S Number of susceptible hosts

E Number of latent hosts

A Number of asymptomatic hosts

1 Number of symptomatic hosts

H Number of hospitalized hosts

R Number of recovered individuals

A Recruitment rate

W Natural mortality rate

0 Proportion of hospitalized individuals who receive treatment

B Transmission rate

1/ Latency period

& Proportion of recovered individuals who become susceptible again
oA Additional mortality rate of asymptomatic individuals

o7 Additional mortality rate of symptomatic individuals

om Additional mortality rate of hospitalized individuals

c1 Proportion of latent individuals in whom the immune system clears the virus before they become infectious
c Proportion of latent individuals who become symptomatic

1/o1 Duration of the asymptomatic stage

1/o9 Duration of the symptomatic stage

03 Recovery rate of hospitalized individuals

r1 Proportion of asymptomatic individuals who become symptomatic
79 Proportion of asymptomatic individuals who become hospitalized
r3 Proportion of symptomatic individuals who become asymptomatic
T4 Proportion of symptomatic individuals who become hospitalized

Symptomatic individuals are also admitted to hospital at a rate r4, and they may revert to the asymptomatic
class at a rate r3. Both asymptomatic and symptomatic individuals may recover at rates (1 — r; — r3) and
(1 —rg — r4), respectively.

The fraction ¢; of latent individuals may become susceptible again as a result of their immune response.
Recovered individuals may also return to the susceptible class after a certain period at a rate &.

Individuals in the asymptomatic, symptomatic, and hospitalized classes may die from the disease at rates
da, 01, and dp, respectively, in addition to the natural mortality rate p that applies to all classes. The above

description provides the epidemiological interpretation of the compartmental diagram in Figure 1.
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Figure 1: Compartmental representation of the transmission dynamics model for COVID-19.

Using the basic principles of compartmental modeling, the model described by Figure 1 is formulated as follows:

( .

S(t) = A+ ey E(t) — AM8)S(t) — uS(t) + ER(),

E(t) = Mt)S(t) — (u+7)B(t),

A(t) = (1 — ¢1 — c2)VE(t) + 13090 (t) — (01 + 04 + p)A(t), )
I(t) = coyE(t) + r101A(t) — (o2 + 61 + p)I(t),

H(t) = TQUlA(t) + T'40'2[(t) — (0’3 + 0 + ,U,)H(t),

R(t) = (1 —r1 —r)o1A(t) + (1 — r3 — ra) o2 (t) + o3sH(t) — (n+ R(t),

with initial conditions:

S(0) =Sy >0, E0)=Ey>0, A0)=Ay>0, I(0)=1I,>0, 5

Let k1 = p+~, ko =01+0a+p, ks =09+ 7 +p, kg =03+ g + p, and ks = p+ £ Then, the model can be

rewritten as

S(t) = A+ cryE(t) — A(6)S(t) — uS(t) + ER(t),
E(t) = Mt)S(t) — k1 E(t),

A(t) = (1 — 1 — e2)yE(t) + r3000 (t) — ko A(t), "
[(t) = oy E(t) + r1o1A(t) — ks (t),

H(t) = roo1 A(t) 4 ryoaI(t) — kaH(2),

R(t) = (1 =711 —r)o1A(t) + (1 — r3 — 14) 00l (t) + 03H(t) — ks R(1).
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3 Mathematical analysis

3.1 Basic properties

Since we consider a human population, all model parameters are non-negative.

Lemma 1. Let us consider the model (2) coupled with the initial conditions given by (3). Then, the solutions

(S(t), E(t), A(t), I(t), H(t), R(t)) of (2) will remain non-negative for all time t > 0.

Proof. From (2), we have

S‘(t)‘S:O,ERZD — A+ evE(t) + €R(1) > 0,

E(t)‘E:O,S,A,I,H,REO = A®)S() 20,

A(@‘AZO,&E’I’H’REO — (1= ¢1 — eV E(t) + ry001(t) > 0,

j(t)‘I:O,S,E,A,H,RZO = oy E(t) + ror A(t) > 0,

H (t)‘H:O,S,E,A,I,Rzo = ro01 A(t) + 14001 (t) > 0,

R(t)‘ — (1= 71 — )01 A(t) + (1 — 13 — r4)oo I (t) + o3 H () > 0.

R=0,S,E,A,],H>0

So, the non-negativity of the state variables of system (2) is ensured by the Barrier theorem [39]. This implies

that RS is an invariant set for the system (2). O
6 A

Lemma 2. Let X = (S,E, A, I,H,R) € R%. The set C = {X ERG: > X < } is positively invariant.
i=1 K

Proof. Denote by N(t) the total population, where N(t) = S(t) + E(t) + A(t) + I(t) + H(t) + R(t).

Adding all equations of system (2) yields:

N(t) = A = uN(t) = (64 A(t) + 611(t) + 0u H (1)),

< A= uN(t).

By integrating both sides of the above inequality and using the theory of differential inequalities, we obtain
e, A —ut
0<N(t) < NO)e ™+ —(1—eH). (5)
1

A
When t — oo, we have 0 < N < —. If N(0) <
1

==

A
then N(t) < —. Thus, the set C is positively invariant, that is,
1

all solutions with initial conditions in C remain in C for all ¢ > 0. O
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3.2 The basic reproduction number

We use the next-generation method to compute the basic reproduction number, denoted by Ro = p(FV 1), where
p is the spectral radius, F is the matrix of new infection terms, and V' is the matrix of transition terms [40, 41].
The disease-free equilibrium (DFE) of the model is given by Ey = (S*, E*, A*, I*, H*, R*) = <2,0,0,0,0,0>.
Let us set y = (E, A, I, H). The vectors F and V), corresponding to the new infection terms and the remaining

transfer terms for y, are respectively given by:

A0)S(t) _hE

F_ 0 and V- (1 —C1 — CQ)’YE — koA + r309]
0 coYE +ri01A — ksl
0 7’20’1A+T402[— k’4H

Their Jacobian matrices evaluated at Fy are, respectively, given by

0 Bn Bn O —k1 0 0 0
0O 0 0 O l—c—c —ky T30 0
F= md v | AT TR . (6)
0 0 0 0 c2Y 01 —k3 0
00 0 O 0 7901 T402 —ky

The next-generation matrix (NGM), as described in [41], is NGM = —FV . The basic reproduction number
Ry is the spectral radius of NGM, that is, Ro = p(—FV 1) [41]. By carrying out some calculations, we obtain:

(caoor3 + (1 — ca — 1) (k3 + o171) + c2ka) By

R —
0 (koks — rio1o9rs)ky

(7)

The following result is a direct consequence of Theorem 2 in [41].

Lemma 3. Ey is locally asymptotically stable in C' whenever Rg < 1, and unstable otherwise.

3.3 Equilibrium points and stability analysis

Expressing each state variable of the model in terms of A* at equilibrium yields

G AbenETExRT N (RESA)
AN+ p ’ Fip+ A (u+ (1 =cr))’
A* _ (1 —C1 — Cg)’}/E* + 7’30’21* I* _ CQ")/E* + 101
ko ’ ks 7
7 — roo1 A* + ryool* R — (1 —-7ry — 1“2)0‘114* + (1 —r3 — 7’4)02]* + o3 H*

k4 ks
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where \* is a non-negative solution of the following equation:
") =X (42X + a1) = 0, (8)

with

ag = ((r101020374 + (a101k3 + r1010202) ky + 0172k303) ¢ + cokaoa03ry
+ (a101c20273 + azcaka02) kg + 01027m2097303) V€
+ ((r1o10974 + 0172k3) ksc 4 (cokaoary + o1c2m20973) ks ) 0
+ ((rio1kaksc + cakoksks) 0; + ((r1o102r4 + 0172k3) ksc + (cokaoary + o1cora0273) ks) 9y,

+kgkaksdqc + caoarskaksda) v + (koks — o102r173) kaks(c1y — k1),

and

a1 = (Ro — 1) k1 (koks — rio102r3) kaksp,

ay is always positive and a; > 0 < Rp > 1 (resp. a1 < 0 < Ry < 1). Hence, model (2) admits a unique positive
endemic equilibrium whenever Ry > 1, and no positive equilibrium otherwise. We summarize the above analysis

as follows:

Theorem 1. Model (2) admits, in addition to the disease-free equilibrium which always exists, an endemic

equilibrium point that exists whenever Ry > 1.

We use Theorem 2.1 in [42] to establish the global asymptotic stability of the COVID-free equilibrium using

the same approach. Let W = (S,E, A, I, H,R)" and K = (E, A, I, H)!. We consider system (2):

K=(F+V)K-gW), (9)

where F' and V are given in (6) and

Br(A+1) (1 - N_lgH)

gOW) = 0 > Ogs. (10)

0

0

Using the results of Theorem 2.1 [42] and Theorem 3 [43], the condition for the global asymptotic stability of

the COVID-free equilibrium is satisfied since 1 — N%QH > 0 ensures that g(VW) > Ogs. Consequently, we have
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K< (F + V)K. Moreover, the eigenvalues of F' 4+ V have non-positive real parts, which implies that Ej is locally
stable when Ry < 1. Hence, K — Opgs as t — oco. In addition, we note that F > Ogaxs and—V =1 > Opgaxa.
Inspired by Theorem 2.1 in [42], we introduce a Lyapunov function P = Z(—V )W, where Z denotes the
left eigenvector of —FV ! associated with the eigenvalue Ry. Then, P = (Rg — 1)ZK — Z(=V~"1g(W) < 0.
Therefore, the largest invariant set contained in {E eR6:P = 0} is {Eo}. By applying LaSalle’s invariance

principle [44], we conclude that Ey is globally asymptotically stable. Thus, we obtain the following result:

A
Theorem 2. The disease-free equilibrium of the model (2), Ey = (, 0,0,0,0, 0>, is globally asymptotically stable
1

whenever Rg < 1.

4 Fractional-order model in the Caputo sense

4.1 Basic concepts of fractional order

Since fractional-order derivatives are employed in this work, we briefly recall the main definitions and results

related to fractional calculus.

Definition 1 ([45, 46]). Let f € L'([0;¢],R), ¢ > 0. The Riemann-Liouville fractional-order integral of £ of

order € > 0 is defined as:

CT; (£(1)) = (P(e)) /Ot £(0)(t — 0)~"do. (11)

Definition 2 ([47]). Let f € C*([0;c]), ¢ > 0, ¢ € R, and L € N such that L —1 < & < L. The Caputo

fractional-order derivative of f is defined by

FDF () = s [ =0 O @) ap. o>, 12)

Lemma 4 ([48]). Let n=|e| +1 and € > 0. Then,

$I; (D5 f(1) = f(2) —

If 0 <e <1, then
ST (f() = £(8) — fo

Lemma 5 ([46]). Let f(t) € C([a,b]) and ¢ D (f(t)) € C((a,b]). For 0 <& <1, we have

f(t) = f(a) + (D))" (D5F) (5)(t — a)7, a<c¢<t,  Vte(a,b).
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Theorem 3 ([49]). Consider the following fractional-order system in the Caputo sense:

6 Dyx(t) = £(t, (1)),

X(to) = X,

with 0 < e <1, where f is a vector field. The equilibrium points of this system are locally asymptotically stable if

0
the condition |w;| > 55 is satisfied, where w; denotes the eigenvalues of the Jacobian matriz of f evaluated at the

equilibrium points and ¢ € [0,1).

Applying Definition 2 to the COVID-19 model (4) leads to the following fractional-order system:

X7 XCDiS(t) = A+ eryE(t) — A(t)S(t) — pS(t) + ER(1),

XX DEE() = A(6)S(1) — ki E(1),

XL x§ DEA(L) = (1 — ¢ — co)vE(t) + 13091 (t) — ko A(2), 13
XL x§ DEI(t) = eoyE(t) + o1 A(t) — ksl (t),

X‘E_l ><OC DfH(t) = TQJlA(t) + T4021(t) — k‘4H(t),

X XS DSR() = (1 — 71 — 19)01 A(t) + (1 — 73 — 74) 01 (t) + o3 H (t) — ksR(t),

where x is introduced to ensure dimensional consistency [50-52]. The corresponding initial conditions are given

by:

(14)

4.2 Existence and uniqueness of solutions

This component of the paper demonstrates the existence and uniqueness of solutions to our fractional model. Let
X =(S,E,AI,H,R), and X be a Banach space of continuous functions with a real value defined on an interval

x with the related norm:
6
1] = 1],
i=1

where ||| = sup{|Xi(¢)|,t € x}, and X = C(X) x C(X) x C(X) x C(X) x C(X) x C(&X), with C(X) is the

Banach space of the continuous function of real value on X with the corresponding sup norm.
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The model (13) can be rewrite as:

“DiS(t) = Gu(t, X (1)),
“DJE(t) = Ga(t, X(1)),
“DiA(t) = Gs(t, X(t)),
“DiI(t) = Ga(t, X(1)),

DiH(t) = G5(t, X(t)),

“D;R(t) = G(t, X(t)).
In what foolows, we suppose that S, E, A, I, H, R are bounded, this means that there exists, k;, i = 1,2,...,9

such that || ]|y < k.

Theorem 4. Setting X1 = (51,E1,A1,11,H1,R1), Xy = (SQ,EQ,AQ,IQ,HQ,RQ), andG = (Gl,GQ,G37G4,G5,G6).

Then, there exists Qg such that:
1G(t, X1(t)) — G(t, Xa ()| x < Qg [|X1 () — X2 (D)l x - (16)
Proof. Let us prove that the kernels G; for i € {1,2,3,4,5,6} fulfill the Lipschitz condition. From (13), we have

|G1(t,51) — Gi(t, S2)|| = [le1v(E1 — E2) — u(S1 — S2) + §(R1 — R2) — AiS1 + 25| an

<1y ||Br — Baf| + w1 [|S1 — Saf| 4+ € || Ry — Ra| + [[A1S1 — A2S2||

where

A1S1+ 115, AySo + 1559
Ni+(1—0)H; N+ (1-0)H,
< Bn
T[N+ (L= 0)Hy) (N2 + (1 — 0)Hy

[A1S1 — X2S2|| = B

with N; = S; + E; + A; + I; + R;, for i = 1,2, pp = A151(N2 + (1 — Q)HQ) — AQSQ(Nl + (1 — Q)Hl), and
p2 = 1151 (Na+ (1 — 0)Hy) — I5S2(N1 + (1 — 0)H1). The expression of p; is:

p1 = AlSl(Ng + (1 — Q)HQ) — AQSQ(Nl + (1 — 9)H1)

= (A151N2 — AQSQNl) + (A151(1 — 9)H2 — AQSQ(l — Q)Hl)
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where

A1S1 Ny — AsSo Ny = S5152(A1 — As) + A1 Ao (S1 — S2) + (A151FEy — AsSoEn)
+ (A1S115 — A3S51) + (A1S1Re — A3SoRy),

A1S1Ey — A SoEy = % ((A151 — A282) (B> — En)) + % ((A1S1 + A282)(E2 — Er))
= —%(Eg — E1) (4151 — AgSy + A1 51 + AsSs),

A1S1 — A3Sy = — ((S1— S2) (A1 — Az) + (S1 4 S2)(41 — A4))

N~ N -

(A1 — A2) ((S1— S2) + (51 + 52)) ,
AL S1 B — AySy By — _%(@ ~ 1) ((Ar — As) ((S1 — S) + (S + S2)) + (A1S1 + A255)) |
AT — AsSol, — —%(12 ~ 1) ((Ar — A2) (81— S2) + (51 + S2)) + (4181 + 4255)),
AvSiRy — AySyRy — —%(R2 “ Ry ((Ar — A2) (S — S2) + (1 + 82)) + (A1S1 + A355)) |
AvAs(S) — Sa) + S185(Ay — Ag) = —% (;(Al — A5)[(Sy — Sa) + (S1 + )] + (A1 Sy + Azsz))
x ((Bn — Bg) + (I — I2) + (R1 — R2)),
ALSiNs — AgSoNy = Ay Ag(Sh — Sa) + g1 (Ey — Ea) + S185(Ar — As)

+g1(l — I) + g1(R1 — Ra),

with g1 = —% ((A1 — Ag) [(Sl - SQ) + (Sl + SQ)] + (A15'1 + AQSQ)) AISO, we have

A1S1(1—0)Hy — AyS5(1 — 0)Hy = (1 — 0) (A1 S1Hay — A2S2Hy)
= (1-0)5 [~ (151~ AsSo)(Hy — Ho)]
_a- 9)% [(ALSh + ApSo)(H — H)]
-~ (- e)i(Hl — Hy) [(S1 — S2)(A1 — Ag) + (S1 + S2)(A1 — Ay)]

(L= ) (Hy — Ho) (11 + 4255)]

So,

p1 = A1A42(51 — S2) + g1 (E1 — E2) + S152(A1 — A2) + g1(I1 — I2) + g1 (R1 — Ra)

+ 300~ 0)(H: — ) { - J1(51 ~ S2)(A1 = Aa) + (51 + Sa)(Ar — )]~ (S1.41 — St

After algebraic simplifications, we obtain:

p1 = (S1— S2) {A1A2 + %(1 —0)(Hy — Hz)} + g1(E1 — E»)

+5152(A1 — As) +g1(I1 — I2) + g1(R1 — R2) — (1 — 0)(H1 — H2)S144
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Similarly to p;, we have:

p2 = (S1 — S2) {11[2 + %(1 —0)(H, — Hz)} + g2(Ey — E»)

+ 8182(I1 — I3) + g2(Ar — A2) + g2(R1 — Ry) — (1 = 0)(Hy — H2)S:114,

with g9 = % {2S2(Il — IQ) + 5111 + SQIQ}. Setting g3 = A1As + (1 — 9)(H1 — H2) + I I5, we thus obtain
Bh
TN+ (L= 0 H)(Na + (1~ 0)1F3)]

Bh
< N+ (= 0Om) (N - (= 0)1)] X (J|(S1 — S2)gs + (E1 — E2)(g91 + g2) + (A1 — A2)(5152 + g2)

+(I1 = 12)(S182 + g1) + (1 = 0)(H1 — H2)(=S141 + S111) + (B — Re)(g1 + g2)I))

[[A1S1 — XaS2|| <

| 1P+ P

y B
= /(N1 + (1 = 0)H1) (N2 + (1 — 0)Ha)|

X (llgsll 151 — Szl + llg1 + gall |1 E1 — E2l| + [|S152 + g2|| [| A1 — Az
+ 18182 + gl 111 — L2f| + (1 = 0) |S1 A1 + Silu|| || H1 — Hal| + |lg1 + g2 |R1 — Ral|)

Finally, we obtain:

1G1(t,51) — Ga(t, S2)[| < (llgsll + ) 151 = Sall + (cry + [lg1 + g2l) [ B1 — Ex
+ (5152 + llg2l) | Ar = Azl + (5152 + [lg1]]) 11 — L2 |
+ (1 =0)[[S141 + SiL| [[Hy = Ha || + (£ + [lg1 + g2[]) |1 Ry — Re|

<wi([[S1 = S2l| + | By — Eaf| + |A1 — Aol + [ — L2|| + [[H1 — Ha || + [[R1 — Rz []),

where

BrAllgsll + 15 c17 + llgr + gall 5 S1.82 + [lgall 55182 + llgall; (1 — 0) 1S1A1 + Sili|l;€ + llgn +gzll}}

w1 :max{ [(N1+ (1= 0)H1)(N2 + (1 — 60) Ha)|

A similar demonstration permits to obtain for Go:

Ga(t, E1) — Ga(t, E2)|| < (llgsl]) [1S1 — Sall + (1 + v + [lg1 + g2]) | E1 — Ez||
+ (5192 + [lg2[l) |41 — A2l + (5152 + [lg1]) 11 — L]
+ (1 =0) |S1A1 + Sili|| | Hy — Ha || + (lg1 + g2l1) [[R1 — Rz||
S wa([[S1 = Sell + [|Er — B2l + [[ A1 — Aol + [[In — L[| + |[H1 — H2 |

+ ([ Ry — Ral),

where

_ {5h tlgsll, + v+ 1lg1 + g2l , S1.92 + l|lgall , S1.S2 + [|g1l, (1 = 0) |S1A1 + S1L1, |91 +92||}}
Wy = max :
[(N1 4 (1 = 0)H1)(Na + (1 — 0)Ha)|
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With the same technique, we obtain:

1G3(t, A1) — Gs(t, A2)|| < (1 — 1 — c2)y([ By — Bzl 4+ 302 [y — Lof| + k2| A1 — Az|

Sws ([[By = Bafl + [ In — L[| 4 [[Ar — A2])
|Ga(t, 1) — Ga(t, I2)|| < cov||Er — Esl| + rio1||Ar — Ao + ks||I1 — I2||

Swy ([[By = Bafl + [ I — L[| + [[A1 — Aq])

1G5 (t, H1) — G5(t, Ha)|| < r201[|Ar — Aol + raoa|[Iy — Laf| + ka| Hy — Ha| (18)
<ws (|41 — Az2|| + |11 = Laof| + [[H1 — Hzl]),

1Gs(t, R1) — Go(t, R2)|| < (1 =711 —r2)o1[|Ar — Aof| + (1 — r3 — ra)oz|[[1 — L2
+ o3]|Hy — Ha| + ks || Ry — Ra|

we ([[A1 — Azl + [[1y — Laf| + | Hy — Ha|| + [| Ry — Ra]))

where w3 = max {(1 — ¢ — ¢2)y;7302; ka}, wy = max {coy;r101; k3}, ws = max {reo1;r409; ks }, and
we = max {(1 —ry —ra)o1; (1 =73 —14)02;03; ks }.

Consequently,

6
1G(t, X1(t)) — G(t, ()] x = S[EI; } D Gt X (1) — Gilt, Ao ()] < Qg X1 (t) — Xa(B)]lx (19)
tel0Ty] j—1

6
where Qg = > w;. Since G : [0,#] x RS — RY is continuous, it follow from [53] that solutions of system (13)

i=1
exist,. 0
t
Theorem 5. Assume that Theorem 4 holds. If F(eifi—l)gg < 1, then system (13) admits a unique uniformly
Lyapunov stable solution on [0,ty].
Proof. Let us define: B: X — X such that
1 t
(B2) ()= 2+ 5 [ (t- a7 1G(a, X(a))da,
I'(e) Jo

which is well defined since Q is continious. The integral form of equation (13) is given by:

X(t) =X+ F(le)/o (t — )" 'G(a, X(a))da.

For the uniqueness, we will show that H is both a self-application and a contraction. Note that sup |G(¢,0)|| = A.
te(0,ty]
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t
and Dy = {X € X : |[X||y < L}. Let X € Dx, then

()@
|

BX||x = sup {
tE[O,tf]

Now, Let us define £ >

Xo + F(la)/o (t—a)*'G(a, X(a))da

<l + g sup | [ € (610, ¥(@) ~ 60,01+ G(e. 0 e}
<1+ g {000 (1900 X)) ~ 90,0l + 1900, 01) do
< ol + S ([ o)

t
<|X| + QoL+ A sup {/ (t — a)glda}
I'(e) telo,ts] LJo

QgL +At
Te+1) 7/

<1l + (b ) Qe+ )

< |Ab| +

<L

This prove that BDx C Dy, and thus B is a self-map. It remains to show that B is a contraction. Using Theorem

4, we have:

||BX1 — BXQHX = Sup {|BX1 — BX2|},
te(0,ty]

_L su ! _aa—l o a)) — a o o
T p}{/o“ )71 (G (o X (a) — Gla, Xa(a))|d }

tG[O,tf

& su t —a) ! o) — o)l da
< v {0 ) - Ao

ty
< <r<+1>) Qg [171(a) — Xa(o) -

t
Thus, B is a contraction if (F(il)) Qg < 1. By the Banach contraction principle, we conclude that B has a
€

unique point on [0, ] which is a solution of (13). The uniformly Lyapunov stability of the solution of (13) comes

from [54]. O
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4.3 The basic reproduction number of the fractional model and stability analysis of the

DFE

Let us set y = (E, A, I,H). The vector F and V for the new infection terms and the remaining transfer terms

for y are, respectively, given by:

AD)S () .

Y lIx F= 0 and " lxV = (1 —c1 —co)VE — koA + r309
0 coVE +rio1A — k3l

0 ro01 A(t) + rao2(t) — ks H(t)

Their Jacobian matrices evaluated at Fy are, respectively, given by

0 Brn Bn O —ky 0 0 0
Xa—l < F — 00 00 and Xs—l <V = (I1—c1—ca)y —ka 1309 0

0 0 0 0 Cc27Y 101 —k3 O

00 0 O 0 roo1 T402 —ky

The next-generation matrix (NGM), as described in [41] is NGM = —FV ~1. The basic reproduction number Rq

is the spectral radius of NGM. That is Rg = p(—FV 1) [41]. By carrying out some calculations, we obtain:

(620'27‘3 + (1 —Cy — Cl)(k'g + 0’17‘1) + Cgk‘z)ﬁh’y
(koks — r1010273) k1

Xs_l X Rog = R (20)

where x is used to balance the unit.

Using the useful Theorem 3, it follows that to demonstrate the local stability of the COVID-free equilibrium,
it is necessary to show that all the eigenvalues of the Jacobian matrix of (13) evaluated in the COVID-free
equilibrium have nonpositive real components.

A
Let J the Jacobian matrix of (13) evaluated at Ey = <, 0, 0,0,0,0). We have
i

—p c1y —Bn —Bh 0 §
0 —k1 Bn B 0 0
S 0 (1—c1—co)y —ko r309 0 0
0 c2y r101 —k3 0 0
0 0 9071 T409 —ks O
0 0 (1—r1—1r9)or (1—r3—r4)oa o3 —ks
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The eigenvalues of J are —u, —ks and those of the following sub-matrix

—k1 B Bn 0O

c3y —ko r3o2 0
J1

cy rion —ks3 0

0 901 T409 —k‘4

where ¢3 = (1 —¢; — ¢2), F and V are given at Eq. (4.3). From Lemma 3 (consequence of [41, Theorem 2]), it
follows that all eigenvalues of J; have a negative real part. Using Theorem 3, we conclude that the point Ej is

LAS. We thus claim the following result:

Lemma 6. The disease-free equilibrium Ey of the COVID-19 fractional-order model (13) is locally asymptotically

stable whenever Ry > 1.

Now, using [55, Corollary 2], it follows that the proof of the global stability of Ey can be obtained using the
same Lyapunov function used to prove the GAS of Ej in the case of the integer model. Thus, we claim what

follows:

Theorem 6. The COVID-19 free equilibrium point of the fractional model is globally asymptotically stable when-

ever Ry < 1, and unstable otherwise.

5 Model calibration, forecasting and sensitivity analysis

5.1 Model calibration and forecasting

To obtain reliable predictions, it is essential to calibrate the model using actual data [56]. This process consists
of comparing model outputs with field observations in order to identify points of convergence. In this study, we
collected data on confirmed and cumulative COVID-19 cases in Cameroon. The country recorded its first case on
6 March 2020, and a cumulative total of 3000 cases was reported in May 2020 [56, 57].

For parameter estimation, we used the MATLAB function Isqcurvefit. In our context, model calibration

amounts to solving the optimization problem

Ipredict o Idata

Y

min H

where = = (0, Bp,7,...,74). The following initial conditions were adopted: S(0) = 29,983,678, E(0) = 7891,
A(0) = 7521, I(0) = 370, H(0) = 300, and R(0) = 240. The results are presented in Figure 2 and Table 2. With
these estimated parameter values, we obtain Ry ~ 1.6483, indicating that the disease remains endemic in the

country. Figure 2 illustrates the cumulative number of confirmed cases, showing an approximately linear trend.
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Parameter Value Source Parameter Value Source
Ny 30 x 108 [58] cl 0.140734708376245 Estimated
1

7 50 < 12 [58] Co 0.000000022122400 Estimated
A Ng X From 2 o1 0.320161490606443 Estimated
0 0.026518463208512 Estimated o9 0.017138639274454 Estimated
157 0.943299147493544 Estimated o3 0.010925462901358 Estimated
v 0.052619591865217 Estimated 0.000017976472485 Estimated
& 0.000564607767546 Estimated 19 0.194165646142496 Estimated
oA 0.157703635708349 Estimated rs3 0.085317308143571 Estimated
Or 0.001034211160909 Estimated r4 0.009961138599839 Estimated
O 0.001903012849783 Estimated Rg 1.648256802456525 Eq. (7)

In Figure 3, the red band provides a forecast of disease evolution up to March 2026, whereas the blue band
represents the reported COVID-19 cases from March 2020 to March 2022. These predictions may assist decision
makers, particularly government authorities, in implementing appropriate preventive strategies, such as barrier
measures, vaccination, and social distancing, to better control the disease in the future.

Based on the epidemiological parameters estimated from the outbreak data shown in Figure 3, the model
predicts that, in the absence of effective control measures and behavioral changes, a large proportion of the

Cameroonian population could become infected by March 2026.

5

=10 x10 .
€ « Data
g g —Model with Estimated Parameters |
s L]
o
2 6 > *
0
g X
o 4 .
=
E 1]
S 27 ” 1
£
5
O o 1 1 I I

0 5 10 15 20 25

Time (Months)

Figure 2: Cumulative real data per month (March 2020 - March 2022) versus model fitting.

In figure 3, the blue parts represent confirmed reported cases of COVID-19 during the period from March 2020
to March 2022, that is, 2 years and 1 month, while the red part represents a prediction of 36 months, that is, 3
years from April 2022 to April 2026 of COVID-19 in Cameroon.

“‘latex

5.2 Sensitivity analysis

Sensitivity analysis is a key factor in the choice of illness management. It provides a clear image of the sensitive

and influential parameters of the model as well as their effect on the base reproduction rate. The sensitivity index
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Figure 3: Confirmed Case and Disease Prediction: Period from March 2020 to March 2026. Prediction is from
March 2022 to March 2026 and Confirmed Cases is from March 2020 to March 2022.

(see [59]) is calculated using the analytical expression Ry as follows:

bi Ipi  Ro’

where p; is a model parameter. Note that if p; does not appear in the expression of Ry, then /\@730 = 0. The
sensitivity index of each model parameter is presented in Table 3 and Figure 4. Negative sensitivity indices
indicate that increasing the value of the model parameter leads to a decrease in the value of Rg, while positive
indices indicate that increasing the value of the model parameter (respectively decreasing it) leads to an increase

(respectively decreasing) in the value of Rq [59].

Table 3: Sensitivity indices of Rg for each model parameter.

Parameter Sensitivity index Parameter Sensitivity index

Bh 1 o1 —0.1022
v 0.6404 L —0.6960
ca 0.3675 1 3.8986 x 1076
o2 —0.2970 o1 —0.0042
3 0.0223 54 —0.3301

c1 —0.2400 Oom 0
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Sensitivity index

Parameters

Figure 4: Sensitivity indices of R for each model parameter.

From Table 3 and Figure 4, it follows that the most sensitive parameter is 8y, followed by u, 7, c2, 02, and
c1. Increasing (resp. decreasing) (5, by 10% will result in an increase (resp. decrease) of the value of Ry by 10%.

However, increasing the value of ¢; by 10% results in a decrease in the value of R by 2.4%.

15 7

R01

0.5+~ N

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

4

Figure 5: Behavior of Ry as a function of ¢;.

In what follows, we present the different behavior of Ry as a function of some model parameters, which allows
us to validate the results of the sensitivity analysis. In Figure 5, we have plotted the basic reproduction rate R
as a function of ¢, the proportion of latent individuals who become susceptible due to increased immunity. We
observe that as the proportion ¢; increases, the threshold R decreases. This decreasing behavior of R explains
the fact that all drugs or natural products that allow the immune system to increase participate in the disease
burden. On the other hand, when the contact rate 5, and the proportion co of latent ones that will become

asymptomatic increase, then the basic reproduction number Ry also increases (Figures 6, 7, and 8).
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2

Figure 6: Behavior of Ry as a function of c¢s.
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Figure 7: Behavior of Ry as a function of fy,.

(b) c1 and By,

0.9

(c) c2 and By,

Figure 8: 3-D behavior of Ry as a function of (a) ¢; and ¢, (b) ¢; and By, and (c) ¢z and S,

Figure 9 shows that the parameter ¢; (proportion of latent individuals in whom the immune system cleared

the virus before they became infectious) plays a crucial role in the dynamics of the disease. Increasing c; allows

to increase the number of susceptible persons and decrease the density of infected individuals. This confirms that

the fight against COVID-19 involves reducing contact with infected people and improving the immune system.
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o 50

Figure 9: Time-series of model state variables as a function of the model parameter c;.

5.3 Impact of the fractional operator

The impact of fractional derivative on the COVID-19 dynamics is depicted in Figure 10. In a quantitative point
of view, according to Figure 4, it is clear that the model with fractional order derivatives is better suited than the
one with ordinary derivatives. Indeed, the RMSE._; = 1.7973 while the RMSE._g9 = 1.7882, where RMSFE
denotes the root-mean-square error is given by the following formula:

n

RMSE =

where
e [, represents observed values;
e I" represents predicted values;

e 7 total number of observations.

10 x10° : : : :

0 5 10 15 20 25
Time (Months)

Figure 10: Real data versus model simulation with different values of the fractional-order parameter €.
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6 Numerical simulations

Since the majority of fractional-order differential equations (FDEs) lack precise analytical solutions, approxima-
tion and numerical techniques are required. Different analytical and numerical techniques can be used to solve
fractional-order differential equations [60]. In this work, the Adams-Bashforth-Moulton method implemented in
Matlab in the routine fdel2 (see [61] and the reference thereien) is used.

For the numerical simulations of our model (13) in COVID-19, some parameters were taken from the literature,
but most of them were estimated. Table 2 shows the different parameters with the descriptions and values that
allowed us to obtain the curves (Figure 11 and Figures 12).

For Figures 11 and Figures 12, the behavior of the model curves was determined with the initial conditions (
S(0)=29977233, E(0) = 370, A(0) = 22027, I(0) = 370, H(0) = 300, R(0)=240). In the simulation, we vary the
fractional order € from 1 to 0.88. We can see from the graphs that fractional order affects the behavior of the
curves.

Figure 11 shows the trajectories of the state variables of the fractional order model for exposed individuals
E, asymptomatic infectious individuals A, symptomatic infectious individuals I, hospitalized individuals H and
recovered individuals R, which tend towards a solution that is the disease-free equilibrium when Rg < 1. This
explains the fact that, in the long term, COVID-19 can disappear from the environment when Rg < 1. Thus, the
behavior of the cured population will increase, which will also affect the susceptible population, and the susceptible
population will also gradually increase. The behavior of the state variables is plotted using the parameter values
Brn = 0.0868870820652763 and v = 0.062703786157422 and that of Table 2. We obtain Rg = 0.5721.

With regard to the trajectories of the state variables of our work in Figure 12, we have used the same initial
conditions as in Figure 11. The parameter values listed in Table 2 which gives Ry ~ 1.6483, are used here to
illustrate this case. These two parameters allowed us to visualize a behavior different from that in Figure 11. In
Figure 12, we observe that the population of exposed F, asymptomatic A, symptomatic I, hospitalized H increases
and that the population of susceptible decreases over time, which explains that in the long term COVID-19 will

explode in the environment and we will enter an epidemic phase.
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Figure 11: Density graphs of each compartment of the fractional model (13) in the case of DFE.
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Figure 12: Density graphs of each compartment of the fractional model (13) in the case of the endemic equilibrium.

7 Conclusion and perspectives

In this work, we formulated and investigated a mathematical model of coronavirus transmission dynamics that

incorporates the role of the immune system using both classical and fractional derivatives in the Caputo sense.
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First, we established the positivity and boundedness of the model solutions. We then proved the existence of
equilibrium points and derived the expression of the basic reproduction number R for the classical (integer-order)
model. The asymptotic stability of the disease-free equilibrium (DFE) was demonstrated when Ry < 1, and the
existence of an endemic equilibrium was shown for Rg > 1. Next, we proved the existence and uniqueness of
solutions for the fractional-order model. The expression of the basic reproduction number, as well as the existence
of equilibrium points and their stability properties, were obtained in the same manner as for the model with
classical derivatives.

The model was subsequently calibrated through parameter estimation using real data from Cameroon on
confirmed COVID-19 cases recorded between March 2020 and March 2022. With the estimated parameter values,
we found that the basic reproduction number is Ry = 1.6483, indicating that COVID-19 is likely to remain
endemic in Cameroon. We also performed a sensitivity analysis of Rg with respect to the model parameters. The
results show that the most influential parameter is the transmission rate (33), followed by co, which represents
the proportion of latent individuals who become symptomatic.

A series of numerical simulations was carried out to visualize the behavior of the fractional-order model and
to validate the theoretical results. The simulations indicate that the fractional-order model provides a better fit
to the data compared with the classical integer-order model.

The model proposed in this study helps to explain why sub-Saharan African countries have not experienced
mortality rates comparable to those observed in developed countries. According to the estimated parameters, the
proportion of infected individuals who become susceptible again is higher than the proportion of individuals who
effectively contribute to virus transmission within the population.

For future work, we plan to incorporate control strategies into the model in order to assess the concrete im-
pact of intervention measures on reducing new COVID-19 cases in Cameroon. The envisaged control mechanisms
include vaccination, barrier measures, social distancing, and the isolation of infected individuals. It is also impor-
tant to note that this study can be extended to other types of fractional-order derivatives. A major challenge will
therefore be to determine, for each fractional-derivative-based model, the value of the fractional-order parameter

that best fits the observed data, and subsequently to compare the results obtained.
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