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Cholera, Cholera is a diarrheal disease that was declared a pandemic in 2010, high-
Caputo operator, lighting its reemergence. Southeast Asia and Africa remain at the greatest
Stability analysis, risk of widespread transmission. The purpose of this study is to develop and
Calibration and Forecasting, analyze a cholera model that incorporates both integer- and fractional-order
Adam-Bashforth-Moulton, derivatives in the Caputo sense. After formulating the model, we demon-
Numerical simulations. strate the existence and uniqueness of its solution. We then identify the

cholera-free equilibrium point and establish its local and global asymptotic
stability whenever the epidemiological threshold R, is less than one (R, < 1).
Using real data, we calibrate the model through parameter estimation and
forecasting. With the estimated parameters, we observe that Rc ~ 2.0439
for the fractional-order parameter y = 1, and Rc¢ ~ 1.1121 for x = 0.90. To
determine which model (classical or fractional) better describes the behavior of
the disease, we compute the Root Mean Square Error (RMSE) for each case
and find RMSE¢— = 67789.02 > RMSE:—_ 99 = 67767.54. This demonstrates
that the fractional-order cholera model is more suitable for predicting the
disease dynamics. Finally, to simulate our fractional model, we employ the
Adams—Bashforth—Moulton approach and run numerical simulations to confirm
our theoretical conclusions.

Received: 16.02.2025 Accepted: 26.05.2025 Published online: 07.09.2025

How to cite this article: Fandio, R., Abboubakar, H., Banbeto, S. A. G., & Fouda, H. P. E. (2025). Mathematical
modeling of the Cholera epidemic in Cameroon: From classical-order derivative to fractional-order derivative. MJ
Mathematics and Computer Science, 1(1), 1-32. https://doi.org/10.63156/mjmcs01.


https://crossmark.crossref.org/dialog/?doi=10.63156/mjmcs01&domain=pdf
https://mjcellpress.com/article/mjmcs01/
mailto:h.abboubakar@gmail.com
https://doi.org/10.63156/mjmcs01

Available at: https://mjcellpress.com/article/mjmcs01/

1 Introduction

Cholera is a global public health problem and a marker of inequality and inadequate socioeconomic development.
It is caused by the bacterium Vibrio cholerae [1]. Consumption of food or water contaminated with this bacillus
leads to an acute diarrheal infection that can cause severe dehydration and kidney failure. Cholera spreads either
directly between humans through the fecal-oral route or indirectly through the ingestion of contaminated water
and food. The World Health Organization (WHO) warns that untreated infection can lead to death within 12 to
48 hours [2, 3]. Each year, cholera is responsible for an estimated 1.3 to 4.0 million infections in endemic areas
and between 21,000 and 143,000 deaths worldwide [4]. As a pandemic disease, cholera continues to reemerge due
to its short incubation period, the rapid increase in patient numbers, and its potential for explosive outbreaks.
Southeast Asia and Africa are at greatest risk, with high mortality rates exacerbated by insufficient treatment
facilities [5]. Historically, the first recorded outbreak occurred in India in 1817 [6, 7], while Yemen has recently
experienced the largest cholera outbreak in history [8].

In Cameroon, an epidemic occurred between October 7, 2021, and March 10, 2022, with nearly 10,000 reported
cases. According to Report No. 12 on cholera management in Cameroon for the period of March 4-10, 2022, a
total of 1,888 cases and 55 deaths were recorded across health districts in all 10 regions, for an estimated national
population of 17,395,035 in 2021'. The report indicates that 24 health districts were affected, 18 of which remained
active, with the most impacted regions being the Centre, Littoral, South, South-West, and North. The median
age of patients was 25 years (range: 0-89 years), with a sex ratio of two females to one male. More recently,
Report No. 43 on cholera management for the period of May 16-30, 2023, documented 1,070 cases in three active
regions (Centre, Littoral, and South), including 26 deaths. The median age of patients was 28 years (range: 0-103
years), with a sex ratio of one female to three males. Figure 1 illustrates the Cameroonian health districts affected

by cholera and highlights those most severely impacted during these outbreaks.

1www.ccousp.cm/documentations/rapports—de—situation—cholera.
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Figure 1: The different Health Districts affected in the affected regions in Cameroon from 10 March 2022 (see
https://www.ccousp.cm/documentations/rapports-de-situation-can/).

According to Radio France Internationale (RFI) [9], authorities said on April 19, 2023, that the Center region,
whose capital is the country’s capital Yaoundé, "has been experiencing a resurgence of cholera cases for the past
four weeks” and confirmed 88 cases and five (5) deaths to date, without specifying which localities were most
affected. The Ministry of Health stated that the response system for this outbreak had been initiated, and that
the disease had ”resurgence” in this region over the last four weeks.

Fractional calculus, a topic originating from L’Hoépital’s question about the meaning of a half-order derivative,
has been widely explored by researchers in fields such as biology, physics, ecology, and engineering to better
capture real-world processes [10-13]. Cholera has also been extensively studied, with mathematical models used
to understand its transmission dynamics and to design effective control strategies [14-16]. Most cholera models are
based on integer-order ordinary differential equations, which neglect memory and the nonlocal characteristics of
epidemic systems. Fractional-order differential systems have been proposed to better represent epidemic behavior
[11, 17, 18]. As a result, a wide range of mathematical cholera models has been developed, involving both ordinary

and fractional differential equations (ODEs and FDEs) [14-16, 19-25].
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In [19], Lemos-Paiao et al. proposed a mathematical model for cholera that included the effects of vaccination.
In [14], Capasso and Paveri-Fontana developed a model for the 1973 cholera pandemic in the European Mediter-
ranean region. In [20], Codeco applied a classical SIR epidemiological model to account for the impact of Vibrio
cholerae on aquatic resources. Building on this, Hartley et al. [21] extended and analyzed the model in [20] by
incorporating the pathogen’s hyperinfectivity. Mukandavire et al. [22] proposed a cholera model with dual trans-
mission routes, using bilinear incidence rates for both direct and environmental infections, but without accounting
for saturation effects. Chen et al. [23] developed a partial differential equation model to assess the roles of human
diffusion and bacterial convection in cholera transmission, and examined the multiple factors influencing the spa-
tial distribution of the disease. Hoskova-Mayerova [24] designed an optimal control model for cholera epidemics,
showing that four investigated control strategies could significantly limit or eliminate cholera in asymptomatic
populations. Monje et al. [25] investigated a prolonged cholera outbreak caused by contaminated stream water in
the Kyangwali refugee camp, Hoima District, Western Uganda. Muhammad [16] studied bifurcation analysis for
a co-infection model of Buruli ulcer and cholera, identifying the possibility of backward bifurcation. Subchan [26]
introduced a SEIQR model to optimize cholera transmission dynamics by explicitly including bacterial concentra-
tion. Finally, Ozkose et al. [15] employed a fractional-order model to analyze COVID-19 and cholera outbreaks
in Congo, making an important contribution to cholera epidemic modeling.

In this study, we propose a SITRV — B (Susceptible-Infectious—Treated—Recovered—Vaccinated—Bacterial)
model that incorporates both human-to-human and environmental transmission using standard incidence rates
and fractional derivatives. We begin by presenting key definitions of fractional derivatives in the Caputo sense,
along with a fundamental theoretical result. We then formulate the model and demonstrate that its solutions
are bounded. Using the next-generation method, we compute the basic reproduction number R. and establish
the stability of the cholera-free equilibrium by showing that the Jacobian matrix evaluated at this equilibrium
has all eigenvalues with negative real parts. We also prove the existence and uniqueness of solutions, followed by
model calibration, sensitivity analysis, and forecasting. For simulation, we implement a numerical scheme based
on the Adams—Bashforth—-Moulton method and explore two scenarios: one with fixed transmission parameters
and another with time-varying parameters. In both cases, we conclude that the disease persists when the control
reproduction number exceeds one, and the model admits periodic solutions.

The remainder of this work is organized as follows. Section 2 introduces the Caputo fractional-order derivative
and presents the model formulation. Section 3 investigates the non-negativity and boundedness of solutions, the
existence and uniqueness of solutions, the asymptotic stability of the cholera-free equilibrium, and the existence
of at least one endemic equilibrium point. This section also covers model calibration, forecasting, sensitivity
analysis, and the construction of a numerical scheme for simulation. Section 4 is devoted to discussion, and the

paper concludes with final remarks.
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2 Material and methods

2.1 Preliminary definitions of Caputo fractional order derivative

A fractional order refers to an order of a derivative or integral that is not a whole number but a fractional or
decimal number. This concept is used in various fields such as system dynamics, control theory, fractional calculus,

and banking systems. In this part, we give some definitions of the Caputo-order derivative.

Definition 1 (The Riemann-Liouville integral R-L [10]). Let h € C([a,b]); the fractional Riemann-Liouville

integral of the function h of order v > 0 is defined by:

Jih(z) = FEL) /m(—s + 2) "1 Tn(s)ds. t¢ N (1)

Definition 2 (Caputo derivative [10]). Let h € C!([0;d]), d > 0, t € R, I € N be such that | — 1 < v < I. The

Caputo fractional-order derivative of order v of h is given by:

52 (h(s) = 7= /. (s — @) (@) dw, s > 0. @

d
If fractional order 1 = 1, then {Dj(e) = %(0)

2.2 Model formulation

Here, we build our model by extending the one proposed by Ana P. Lemos-Paiao et al. [19]. The model is a
Susceptible-Infected-Treated-Recovered-Vaccinated-Bacteria (SZT RV — B) compartmental model and considers
a class of bacterial concentration and direct transmission between human hosts. We denote by N (¢) the total
human population at any time t by N(t) = S(t) + Z(t) + T(t) + R(t) + V(t), where S(t), Z(t), T(t), R(t),
and V(t), denote respectively, susceptible humans, infectious humans, infected humans who received treatment,
recovered humans, and vaccinated humans. Susceptible humans increase through a constant recruitment rate A
and decrease due to infection, which can be contracted through contaminated food or water, and through direct
contact with infected individuals Z, at a rate oakf(;)@) and wff((tt))

humans. After contact with an infectious individual and / or an infected material, susceptible humans become

, respectively. 1/u represents the life span of

infected and therefore receive treatment at a rate c. Without successful treatment, an infected individual can die
from infection at an additional rate d;. The treated individuals recover at a rate e and lose immunity at a rate
a1 and become susceptible again. A rate b of susceptible humans receive a vaccine. In this work, we suppose that

vaccine is perfect.
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Table 1: Definitions of symbols used in equation (3).

Symbols Definitions

A Recruitment rate of sensitive populations

o Indirect infection rate

7 The natural mortality rate

k The half saturation constant

ay Recovered populations can lose their immunity

as Vaccinated populations can lose their immunity

b Vaccine coverage

C The infected populations can get a proper treatment,

e The rate of people undergoing re-establishment treatment

dy,ds Disease-related death rates

¥ The rate of infected populations who lead to a rise
in the bacterial concentration.

P Direct transmission rate

0 Bacterial decay rate

Using the Caputo derivative operator, our model described above is as follows:

X

Hx

X!

X!

k1
><OC DS(t) =A-— <B(Ztl)g(j—)k + wf;%) S(t) + a1 R(t) + aV(t) — (b+ ) S(t),
ko
x§ DXI(t) = (B?tl)g(j—)k + f/((tt))> S(t) — (c+di + p) I(1),
k3

x§ DXT(t) = cZ(t) — (e +da + p) T(2),

k4 (3)
<G DYR(t) = eT(t) - (a1 + p) RI(2),

ks
x§ DYV(t) = bS(t) = (az + p) V(1)
XS DYB(L) = ~I(t) - 0B(1),

where g DY denotes the fractional order derivative in the Caputo sense of order x. The following initial conditions

are associated with the system (3): S(0) =Sy > 0, Z(0) =Zp > 0, T(0) = Tp > 0, R(0) = Ro > 0, V(0) =Wy > 0,

B(0) = By > 0.

All symbols used in the model are defined in the table 1. Figure 2 displays the Cholera transmission dynamics.
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Figure 2: Compartmental diagram of the Cholera transmission dynamics.

3 Results

3.1 Nonnegativity and boundedness of solutions

In what follows, we will determine the boundedness of model variables under nonnegative circumstances. To
establish the domain, the variables S(t),Z(t), T (t), R(t), V(t), B(t) must be positive for all ¢ > 0.

Let’s assume that the total human population at any time ¢ is given by:

N(t) =8(t) +Z(t) + T(t) + R(t) + V(t).
Adding the first five equation of model (3), with x = 1, we obtain:

SDN = DX (S+T+T+R+V),
=A—pu[S+I+T+R+V]—diZI—-dT,
:A—MN—dlz—dQT,

< —pN 4+ A.

Solving this equation gives

with N(0) = S(0) +Z(0) + 7(0) + R(0) + V(0). Thus, limsup N (t) < 2, which means that N'(t) = S(t) + Z(t) +

t——+o00

T)+R() +V(t) <
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In the same idea, with Z(t) < Ap~!, it follows that

SDYB(t) = vZ(t) — 6B(t) < vAu~" — 0 B(1),
which gives

B(t) < ’Lg + (B(O) — 7;;) e % vt>o.

A A
Thus lim sup B(t) < 7—9, that is B(t) < 7—0, Vt > 0. This demonstrates that the model (3) has bounded solutions,
[ 7

t——4o00
which are specified in the compact and absorbing set:

A A
z:{(S,I,T,R,V,B)’eRﬂ: Ng;Bgy}. (4)
Jz wo
+o0 mX
Note that for 0 < x < 1, e # (resp. e~%) is replaced by the Mittag-Leffler function E,(m) = T+ k) [27],
k=0 X

with E1 (m) =e™.

3.2 Existence and uniqueness of Solution

The validity and reliability of the model (3) give the essential mathematical assurance, defining the findings of
existence and uniqueness in epidemic modeling. Now, suppose Y = 1. Let’s define a reasonable set of state

variables as
@ ={(8,Z,T,R,V,B) € R : max {|S|,|Z|,|T]|,[R|.|V],|B|} < P}.
where, P € R. Let us consider the differential equation,
DXG(t) = J(t,G(t)), 0<ty<T < oo, (5)
with initial condition G(to) = Go, where x € (0,1] and J : ([0,7] x o — R). The solution of the equation (5) is

1 t _1
Glt) = Golt) + 77 /0 (t — )T (0, G(n))dn.
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where
S(t) So(t) J1
I(t) I(](t) Jo
Tt To(t J
G(t) = . , Go(t) = " ana J(t,G) =t x| 7
R(t) R(t) Ja
V(t) Vo(t) J5
B(t) Bo(t) Jo
with J; = A— <ko_ﬁg + %%7) S+aiR+aV—kiS, Jo = <kOfB + ¢]€> S—kol, J3 =cL—ksT, Jy=eT —k4R,

Js =bS — ksV and Jg = ~Z — 0B.
with k1 =b+pu, ko=c+di+up, ks=e+do+ pu, kg = a1 + p and ks = as + p.

Let C = J([0,T] x w,R) a Banach space endowed with the following norm:

IGI =1I(S,Z.,T.R,V, B)|| = sup |G(t)],
te[0,ty]

where, |G(t)| = {|S| + |Z| + |T| + |R| + |V| + |B|}, (S,Z,T,R,V,B) € J([0,T] x w,R). We have the following

result:

Lemma 1. In the Banach space C, all kernels J; meet the Lipschitz condition, where j = 1,2,...,6.
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Proof. Let G(t),G(t) € J.

(. G(1) — A (GO

_ B(t) Z(t)
= ’A — <a B0 + w/\/(t) + k1> S(t) + a1R(t) + a2V (1)

B(t) Z(t) — = —
—A+ < b+ B() —I—?,Z)f(t) —I—kzl) (t) — a1 R(t) — CLQV(t)',
a|B(K + B)| S0 - 30|+ ok |B(t)]
= |(k+ B@)(k+ B(t))| |(k + B(t))(k + B(t ]} )]
Y |IS — NI| |, ¥|ZS§ - NS
N ’S (1) S(t)( N
YILS| YIZS|

N ‘T(t) TG )‘ I (R(t) — R(t)‘

|Z(t) — Z(¢)|

W]
[NN|
+ k1 ‘5 —%’-Fal ‘7?, — )‘+a2‘v —V(t)|
a|B(K +B)| b |ZS — NT| -
= <\(k+8( ))(k+E(t))‘+ [N + k1 }S(t)—S(t)’
Y|IS - NS|‘ V|ZS|
[NN| INN|
S - s -
+ <TJ|VN’| —|—a1> [R(t) - R(1)| + (TJIVIMI +a2> V) - V)|
ak‘B ‘ | ‘
[k + B()(k + B(0))]

IORRZ0]

I(t)| + e T =T

AL

+ V) - V@] + B - B@)|)
where

lh =k +af + a3+
X |B(K + B)| YX|IS — NI| %X |IS — NS| ¢x|Z8|
tefots] | |(k + B(t)(k + B(t))| INN| INN| " |NN|’

YX|ZS| X |IS| aXk |B(t)| }
INN| " |NN| " |[(k+B(t)(k+B(t)| |
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| 12(t.G(8) = a(t, GD))|

« B() S . B XE(t)i
R O Wz“)"“ﬂ“)‘“ rraa ) R RO
BTSSR A1 T

|(k + B)(k + B)| N NN

S _
(k2+¢’< N_NN>‘I I(t)’
g ]‘\f\f“m)—’r(whw MVHR@)_R@)‘WX ]‘\ZI\,HWﬂ—V(t)\
axk‘g‘ ’ _7‘
|(k + B)(k + B)|

<t (|80 = 50| + [20) T | + [T() - T®| + [R(®) - RE| + [v(t) - V(D)

).

+‘B(t) _ B

where

aX |B|

ST
b =k X 11 —
: Zﬂé?oa?i{f]{ummr“”

NN

ST
NN

ST

A X

axk‘S‘
"|(k+B)(k+ B)|

With the same reasoning, we obtain for the remaining kernels:

I

Tt (1) — Ja(t, G0)| < ¥ |T() = T + 1| T(6) - T(0)

)

Ju(t, G(t) — Ju(t, G(t))| < Iy |R(t) — R(t)

J5(t7 G(t)) - J5(t7%) < l5 V(t) _W

)

Jﬁ(ta G(t)) - Jﬁ(tvw) < l6 B(t) _%

)

with l3 :Cx+k§(7 l4 = ex—|—k3f7 l5 :bx+k?7 and lﬁ :7X+9X‘

It then follows that

|J6w) - 0. Gw)| = sup
te0,ts] 1

H0,6(0) ~ 50,GT0)| < [6) - G|

which, § = maz {l;,j =1,2,...,6}. Hence, J(t,G(t)) satisfies the Lipschitz condition on C. This shows that the

model (3) has at least one solution. O
oty
Lemma 2. The solutions of equations (3) are unique if () <1.
XX

Proof. Let us defined the linear mapping N : C — C as follow:

N(G(1)) = Golt) + F(lx) /0 (= + )X (0, G () ). (6)
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where G(t) = N(G(t)) is the solution of (5). For G(t),G(t) € C, it follows that

W) -8 @D = | 5 [ 6= (3606t — 0.6 ]
SFéﬁ/gt—nﬁ”HJMKXM)—JMK%mwdm
< F((i() /Ot(t — )t HG(n) - WH dn, From Lemma 1,

otX -
= T |am) -G

6t}

Thus, N is a contraction, if 1 > T (f 5 The uniqueness of solution come from the Banach contraction theorem
XL X

[28]. O

3.3 Asymptotic stability
3.3.1 The Cholera-free equilibrium and the basic reproduction number

The fundamental reproduction number, R, is a mathematical term used in epidemiology to measure the spread
of a disease within a population. It is crucial for assessing the infectiousness and speed of disease spread. If R, is
higher, the disease spreads more, while if it’s lower, it dies out. Factors influencing this number include disease
transmission mode, pathogen infectiousness, and social and environmental factors.

Pauline van den Driessche in [29] describes the Next-Generation Matrix Method (NGMM) as follows:

The NGMM G is defined as FV !, where FV ! represents the rate of new infections in compartment 7, and

V; represents the rate of transfer of individuals into and out of the it compartment.

OF; aV;

F= [ Z(xo)] and V = [Z(xo)] for 1<4, j<m.
8$j 8.%‘j

where x( is the disease-free equilibrium state.

Then, the control reproduction number denoted to R, is the Cholera-free equilibrium (CFE) state is the dominant

eigenvalue of matrix G = FV~—1. Such that:

Re=p (FV71).

where p denotes the spectral radius.
Since just the infection states are required and all other states that are not disease compartments are disregarded,

the next-generation matrix is far easier to employ than Jacobian-based methods.
By following the instructions in this method, we obtain the mathematical expression for our model at the

Ak AD
Cholera-free equilibrium denoted by £° = (SO;IO;’TO;RO; Vo, BO) = (M,0,0,0, py —— 0)
1Rk5 —baz 1R5 —bag
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The Jacobian matrix of our model (3) is represented by:

[ o wIN-5) } (¢S<N _ z)) [wzs . ] [wzs N ] oSk kS
k+ B N2 ! N2 Nz T Nz T2 (k + B)? (k + B)?
{ o B wz(Nfs)] [wsuvfz) } oSk
i ko 0 0 0 i
k+ B NZ N2 (k + B)2
J= 0 c ks 0 0 0
0 0 e —ky 0 0
b 0 0 0 ks 0
0 v 0 0 0 —6

Taking into account the compartments of the infected at the Cholera-free equilibrium, this Jacobian matrix gives

us:
P SY aS?
R
Jore = ¢ —k3 0
¥ 0 —0

Then, from model system (3), we have:

%:F(m)—V(x) with x = (SE);Z(); T#);R(1); V(E): B()".

Where the Jacobian matrices at the CFE of F/(z) and of V(x) are, respectively, given by:

P SY aS?
— — k
7O 0 5 2 0 0
F = 0 0 0 and V = —c kg O
0O 0 0 -y 0 6
Soa'y+ S99 0 SO
kak® = NOky ko
FV— = 0 0 0
0 0 0
0 0 0
S oc’y+ Sy R0 S«
kok® = NOky ko
det (FV™' —R.I) = 0 R, 0
0 0 —-Re

The NGM technique specifies that the spectral radius of the FV ! matrix is R, i.e., R. = p (FV_l).

SOay SOy
Th =p(FV— 1) =
us, Re = p (FV™) kok0 ' NOky
Ak KOk A k0) k
R, — ay Aks L WukOks _ (e A+dpko) ks 7)

(k1k5—a2b) k2k9 (k1k5—a2b) k2k9 (k1k5—agb) k‘gke'
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Ak A
with k1 = b+ u; ke = c+d1 + k5:a2+,uand80:75; NO =2,
k1k5—ba2 1%

Theorem 1 (29, 30]). The Cholera-free equilibrium point £° is globally asymptotically stable if and only if R¥ < 1,

and unstable if RY > 1, where x € (0,1].

Proof. The system (3) at cholera-free equilibrium £° has the following Jacobian matrix,

ki - ki‘;w 0 a1 a —kg&a
0 ®E_k 0 0 0 e
1) 0 c ks 0 0 0
0 0 e kg 0 0
b 0 0 0 -k 0
0 o 0o 0 0 -f

with the following characteristic polynomial:

>0
Pr(A) = (A4 k3) (N + ka) x N2 4 Mky + ks) + krks — aob] x [AsA? + A1\ + Ag),

with Az = k(kiks — azb) > 0, A1 = k(kiks — a2b) (0 + k) (1 — Gy ) and Ao = kko(kiks — azb)(1 - Re).
Note that Ay is positive iff R. < 1. It then follows that the characteristic polynomial has all its solutions with

negative real part, which means that solutions of the following equation
(s [Is — (1 =) ()] = xJ (%) =0

have negative real parts [31, 32]. Now, it remains to prove the possibility that the CFE is globally asymptotically
stable. The study of global stability at Cholera-free equilibrium is important to assess whether control measures
put in place are effective in eliminating the disease. This makes it possible to predict whether the disease may
return after eradication, and to identify long-term monitoring strategies.

We proceed as in [33, Theorem 2.1 ]. For this aim, let f = (S,Z,7,R,V,B)" and g = (Z,T,B)". From (3),

we have:

§DYg=(F+V)g— M(S,I,T,R,V,B),
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where F and V are given by F(x) and V(x) respectively, and

N(S7 I’ T? R? V? B)

M(S,I, T7R7V)B) = O ;
0
here N (S,Z,T,R,V,.B) = § 1—04ii + 1—¢££ > 0, Vt > 0. Then, it follows that
w IS AR RAZ R A — <0 k+BSO NSO = U . ; Wi

M(S,Z,T,R,V,B) > Ogs, which implies that {D)g < (F + V)g.

Note that the eigenvalues of J(£°) = F 4+ V contain negative real components. ¢° is stable if R. < 1. This
implies that g — Ops as t — co. Furthermore, F' > Ogsxs. and —V ~! > Opsxs. According to [33, Theorem 2.1],
there exists a Lyapunov function £ = q(—V ~!)g where ¢ represents the left eigenvector of —V 1 F, corresponding
to the eigenvalue R.. Then, DXL = (R.—1)qg—q(—V 1M < 0. Tt follows that {€°} . is the largest invariant set
that contains {)\ e R? :OC DXL = O}. The global stability of &9 is determined by the LaSalle Invariance Principle

34]. This ends the proof. O
[34] p

3.3.2 Existence of the Cholera-endemic equilibrium points

Here, we will prove the existence of at least one Cholera-endemic equilibrium point. To this aim, let define by

¢ = (8%Z*, TR, V*, B*) any equilibrium of our system (3).
B* 7 AN —dI% — do T
T B and cpézd)—N*,whereN*: ! p 2T .

By setting the right-hand side of system (3) (with x = 1) equal to zero and expressing the state variables in term

At endemic equilibrium state, the FOI become ¢} = «

of ] and ¢35 , the components of any equilibrium point (* are given by:

koI* bS* cZ* eT* ~I*
S* = JVE = T = JRF = B = —, 8
¢+ ¢5 ks ks k4 0 (®)
where I* is the nonnegative solutions of the following equation
[Ao(T*)? + A1 T + Ao T = 0, (9)

with

Ay = Re(koksks — aice)kvy0(kspyp — (dac + diks) o) — kskay(dac + diks)(kOuy + Aay),

A1 = ((—Rearksce — daksksc + (Reka — dy) k:32k:4) E20% + (1 — R.) k32k4szfy€) p

+ (—Rearksce + (Re — 1) dokskac + (Reka + (Re — 1) di) ks®ka) kAayd + ks®kaA*ary?,


https://mjcellpress.com/article/mjmcs01/

Available at: https://mjcellpress.com/article/mjmcs01/

Ag = — (Re — 1) ks®kak A0 (KOuyp + Aary)

It is clear that Ag < 0 if R, > 1. Thus, using Descartes rule of sign, we therefore conclude that model (3) can

admits 0, 1 or 2 endemic equilibrium points if only if R. > 1 (respectively R. < 1). We thus claim what follows:

Theorem 2. Model (3) admits at least one Cholera-endemic equilibrium point whenever R, > 1. If R, < 1, and
depending on the sign of coefficient As and A1, there is a possibility that the Cholera-free equilibrium coexists with

two endemic equilibrium points.

3.4 Numerical scheme

In this section, we develop the numerical technique required to simulate our fractional model. Numerical al-
gorithms are essential for approximating the solutions of nonlinear ordinary and partial differential equations
that cannot be solved through standard analytical approaches. Several methods have been proposed for solving
fractional differential equations, including Euler’s method, the Adams—Bashforth—Moulton method, the Adomian
Decomposition method, the Homotopy Analysis method, the Laplace-~Adomian Decomposition method, and the
Polynomial Interpolation method [11, 17, 35]. Among these, we select the Adams—Bashforth—-Moulton method
because of its stability and efficiency [36, 37]. Accordingly, we apply this method to our model.

By considering the following fractional differential equation

CDXf(t) = k(t,q(t)), 0<t<T

(10)
¢?(0) = qf, g=0,1,2....—1+m,
where m = [x].
It corresponds to the following Voltera integral equation:
—14+m 49 1 ‘ )
q(t) = qg+/t—wx‘qs0,k<p dep. 11
<>g§%g! oo =9 el k() (1)

Using the Diethelm and Neville technique [38] and the Adams-Bashforth-Moulton algorithm [39], the numerical

scheme for the fractional Cholera model (3) is as follows:
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Let 0< x <1,t€[0;T)], ¢ =

where

and

T
—,tp=n.q,n=0,1,2..,
m
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m € N. The solution of (3) is given by

Sny1 =So+ 1“(;712)(1\ - ( kffg:; + 9 "“) i1 + a1 Rng1 + a2 Vng1 — (b4 11)Sni1)
+F(;j_2)z”:aj,n+1(/&— (k—i—B +p == )Sj"'ale"’aQVj — (b4 w)S;),
j=0
Zn+1=Zo + F()?i 2)(<ka+3221 + 1 I}”\}rl) Sni1— (c+di + p)Tny1)
el D+ o B ) - e b+ L)
7=0

qx (12)
Tov1="To+ m(cznﬂ —(e+do+ ) Tny1) + W Zag nt1(eZy — (e +da + p)T;),
im0
X
Rot1=Re+ m(eﬁﬂ — (a1 + W) Ront1) + W Za] nt1(eTj — (a1 + p)Rj),
7=0
X
Vg1 =Vo + m(bsnﬂ — (a2 + )Rny1) + W Za] 1 (0S5 — (a2 + p)Vj),
7=0
Boii =B @ (T, —0B * I;- 0B
nt+1 — 0+m(7 n+1 — n+1)+w§aj,n+l('7 j j)a
j=
S) =So+izn:b- +1(A = —1—1/1 Sj+a1Rj+azV; — (b+ p)Sj)
n+1 F(X) : J,n k—f—B J ) J J/
=0
AP L o o B; S 7
ntl = 0‘1'%2 i1 ( s +¢ i — (c+di + p)Zy),
7=0
1 n
T =To+ 00 > binti(eZ — (e+da+ @)T;),
" (13)
Rot1 Zb] nt1(eTj — (a1 + p)Ry),
Vi =W+ m Z bjnt+1(bS; — (az + u)Vj),
1 n
Bﬁ—&-l =By + F(X) ij,n-i-l(')/l-j - 06j)?
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The convergence and precision of this scheme can be found in [39] (see also [40, 41]).

3.5 Data information, Parameters estimation and, Forecasting

The study focuses on Cameroon, a Central African country located on the Gulf of Guinea. Covering a total area of
475, 650 square kilometers, it has a trapezoidal shape and shares borders with Nigeria, Congo, Gabon, Equatorial
Guinea, the Central African Republic, and Chad.

Cameroon’s diverse natural environment comprises ten regions, earning it the nickname “Africa in miniature,”
as it reflects much of the continent’s geographic and ecological variety. In recent years, cholera has become endemic
in the Cameroonian population. Between epidemiological weeks 22 of 2022 and 09 of 2023, the disease was reported
in eight regions of the country: Centre, East, Far North, Littoral, North, West, South, and South-West. Among
these, the Littoral region was the most severely affected. This can be attributed to its varied relief, which includes
the coastal plain and the Wouri estuary, plateaus and hills, as well as mountainous and volcanic areas. The
region’s hydrographic network is dense and intertwined, influenced by high humidity and the impermeability of its
crystalline soil formations. All rivers in this region drain into the Atlantic basin and are subject to an equatorial
climate. Due to the abundance of water in the soil, Vibrio cholerae thrives particularly well in this environment.

Figure 3 shows the cholera cases reported in eight (08) regions of Cameroon during the period from week 22 of
2022 to week 9 of 20232, To this aim, we take into account data from this region of Cameroon during the period

m Centre mEast Far-Nerth Coastal mMNorth mWest mSouth mSouth-West mTotal Infected
1600

1400
1200
1000

800

600

| | ‘|‘|]| R T .

400
‘ \ \‘ \
| | | I
:\?’ o v o oo P o'-‘-‘ pP ,o?’ ,u?’ ﬁ“ ‘;“ & Q“’ o“’
"D' *\'}' L R 4 'C" ¥ ¥ A R o
PP P 19 m AR N N S, S
Bl S S S S S SO SO S DAl S M M S

th Q}F' Q&Q’ \9:2- ‘;&'Z- @?; thq{ @@r &Q; \‘x@ &2— \;52- &?ﬁ @é’ @@r \‘\z &0 &0 Q\G qs?r

Figure 3: Histogram of the Cholera epidemic evolution by region in Cameroon during the period from week 22 of
2022 to week 9 of 2023.

from week 2022-22 to week 2023-09 to calibrate our cholera model (3).

We wish to demonstrate the importance of using the fractional derivative rather than the integer derivative. To

2http://www.ccousp.cm/documentations/rapports-de-situation
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do this, we’ll compute the root mean square error (RMSE), which is a commonly used measure of the discrepancies
between the values predicted by a model or estimator and the observed values (or real values). The expression is

as follows:

RMSE = |3 1 (x;, - X,)% (14)
i=1

where n is size of the dataset, X; and X; are the number of detected cases and predicted cases at the time ¢;,

respectively. The results of model calibration are listed in figure 4 and table 2.

15000 F ‘ 66 0 gt T e o " 9

10000 |

= Data
—Model with Parameter Estimates

5000 -

Cumulative number of reported cases

0 5 10 15 20 25 30 35 40
Time (Weeks)

Figure 4: Cumulative Cholera cases in Cameroon versus model simulation.

Table 2: Values of fitted parameters with R, = 2.0439 when x = 1. « refers to https://www.imf.org/external
/pubs/ft/fabric/fra/camprof.htm

Parameters Values Source Parameters Values Source
A w* Ny Estimated ¢ 0.1228 Fitted
7 1/(52 * 56) * e 0.0902 Fitted
« 3.4938 x 1078 Fitted dy 6.2289 x 10~*  Fitted
k 196.1808 Fitted do 9.3140 x 10~*  Fitted
a1 0.8973 Fitted ~y 1.0427 Fitted
as 0.6236 Fitted P 0.0228 Fitted
b 0.5245 Fitted 0 0.0126 Fitted

Note that R. = 2,0439 means that the disease is endemic in the country since R, > 1. This suggests that
many efforts must be made by health authorities to stop the spread of this disease.

To compare the model formulated with classical-order derivative (x = 1) and the one formulated with
fractional-order derivative (0 < x < 1), we use, as metric, the root means square error defined by equation
(14). The smaller RMSE means that the corresponding model is better adapter to predict the disease dynamics

in the country. We thus obtain results displayed in table 3.
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Table 3: Root Means Square Error (RMSE) of different fractional-order values and the corresponding value of R..

X 1

0.91

0.90

RMSE || 67789.02

67773.58 | 67767.54

Re 2.0439

1.1793

1.1121

From table 3, it follows that for the fractional order y = 1, the corresponding RMSE is equal to 67789.02,

while for x = 0.91 and y = 0.90, the corresponding RMSE are equal to 67773.58 and 67767.54, respectively. We

can therefore conclude that the fractional model is better suited than the classical model (ODE). This is also

illustrated in figure 5.

% 10%

Cumulative cases

0 3) 10 15

20 25

Time (Weeks)

Figure 5: Cumulative cholera cases in Cameroon from weekends 2022 — 22 to 2023 — 09 versus model predictions

with different fractional-order x values.

30 35 40

The graph presented in figure 6 suggests that peak in the total number of cumulative cases is reached as early

as week 3, followed by a gradual decline until week 110, after which it stabilizes until week 216. These observation

could reflect the effectiveness of the measures put in place by the authorities of country to contain and eradicate

this epidemic.
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Figure 6: Forecasting a new Cholera cases in Cameroon for the next 261 weeks, i.e, from the week of 2023 — 09 to
the week of 2027 — 10. In other words, a prediction over 05 years and one week.

3.6 Sensitivity analysis

Here, we use sensitivity analysis to discover which model parameter is the most important in disease dynamics. To
do this, we follow Chitnis et al. [42] and calculate the sensitivity index for each model parameter that appears in
the equation of R.. The following formula calculates the sensitivity index for each model parameter, represented

by ©:
0 IR,
6= — .
R, 00

(15)

The sensitivity of R, to parameter changes is indicated by this index. It is evident that a positive (or negative)
index means that a rise in the parameter value causes the R, value to rise (or fall) [42]. For example, the sensitivity

index of R, with regard to 1 can be calculated as follows:

o YORe _ kwpb
VTR, 00 Aay + kuyd T

This demonstrates that the parameter ¢ affects the spread of sickness and that R, is an increasing function of 1,

while for ¢, we have
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which prove that the parameter ¢ affects the spread of sickness and that R. is an decreasing function of c¢. For

the other parameters, we have:

Aa Ao Aa
Re _ 2 Re _ Y Re _ Y
Ay kit -0 % T Rt Y S T Ray ke Y
1
SRe = X
o (ke az) (Aay + ko)
X {kp (p+di +¢) (4 az) (n+b) — azd) Ox
" < Aoy + kpapd 3 (1 + a2) (Aay + kuy)
k(p+di+c) ((p+az) (p+b) —ad)0  k(u+dy+c)* ((u+ ag) (u+b) —agb) 0
_ (pta2) 2u+b+as) (Aay + kuipb) (1 +*2) ¢ >}
k(p+di+c)((n+ag) (p+d) —agd)?0  (p+di+c)((p+az) (u+b)—a)) [’
Re _
Sdl B ,u—l—d1+0<0’
gRe 2k (p+di+c) (1 +a) (u+b) —azb) f
“ (1 + az) (Aay + ko)
< Aoy + kbt B p (1 + az) (Aay + kpyt) )
k(p+di+e)((n+a2) (p+b) —ab) 0 k(u+di+c)((n+as) (u+b) —ab)*0/’
Sfe =~ b <0,

(14 az) (1 +b) — azd

R (n+di+ o) ((n+as) (p+b) —ab) 6

Re _
5= (1 + a2) (Aary + kpap6)
{ i (p+ag) B (1 + a2) (Aay + kuy) }
k(p+di+c)((n+az)(p+d) —asd) k2 (u+di+c)((p+az)(p+bd) —ad)d])’
SR _k(ptdito)(ntas) (ptb) —ash)0?

(1 + az) (Aay + kpy0)
g+ az) ¥ (1 + a2) (Aay + kuyt) )

X((H+d1+c)((ﬂ+a2)(ﬂ+5)—a2b)9 F(u+di+0) ((u+ az) (u+ ) — ash) 62

Consider the sign of SZ}C., SZLEC., 8756, and S;zc depends of parameter values.

Figure 7 displays the sensitivity level of each model parameter.

Sensitivity index

2
Parameters

Figure 7: Sensitivity indices for R, against model parameters.

The impact of vaccine coverage b and bacterial decay rate 6 on the disease dynamics is depicted on figure 8. We
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clearly see that the increase of vaccination coverage combined with the decrease of the bacterial in environment

can have a great impact on the reduction of the number of infected cases.
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Figure 8: Impact of vaccine coverage and bacterial decay rate on the disease dynamics.

3.7 Numerical results of our model equations

In this part, we use the numerical scheme mentioned above to simulate the fractional model (3).

3.7.1 The autonomous model

In this section, we present the numerical solutions. For the simulations, we use the parameter values listed in
Table 2, where all values are expressed in week ™!, except for the contribution of infected populations to bacterial
concentration, which occurs at rate v expressed in cell/ (ml - week - person), and the half-saturation constant
k, expressed in cell/ml. The results are illustrated in Figures 9 and 10. The findings show that when R, is
less than one, the number of infected individuals tends to zero, whereas the system converges to an endemic
equilibrium when R, is greater than one. In both scenarios, the concentration of free bacteria in the environment
increases, highlighting the necessity of sustained efforts to eliminate free-living bacteria. Effective control of
cholera therefore requires not only rapid treatment of patients but also the implementation of policies aimed at
raising public awareness about the harmful effects of the disease and the importance of maintaining hygienic living

conditions.
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Figure 9: Time-series of fractional model (3) showing the impact of varying the fractional-order x € {1,0.91,0.90}
at the Cholera-free equilibrium.
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Figure 10: Time-series of fractional model (3) showing the impact of varying the fractional-order x € {1;0.95;0.90}
at the Cholera-endemic equilibrium.
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3.7.2 The non-autonomous model

In this part, we consider the time varying transmission rates follow the equations:

2mt
P(t) =1 |1+ wicos| — +wo

52

27t (16)
at) =ap |1+ wcos =) + wy

where 1)y = 3.4938 x 107% (resp. ap = 0.0228), wy = 1, and wy = % denote the baseline transmission rate for
Cholera from infectious human (resp. from free bacteria), the magnitude of the forcing, and the initial phase,

respectively. The results are displayed on figures 11 and 12. This demonstrates the persistence of the disease and

the existence of periodic solutions.
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Figure 11: Persistence of the disease when R, = 2.0439 > 1, given the specific parameter values specified in Table

2.
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Figure 12: Periodic solutions of the disease when R, = 2.0439 > 1, given the specific parameter values specified
in Table 2.

4 Discussions

In this section, we examine in detail the impact of seasonal changes in Cameroon on the evolution of cholera cases.
Like many other countries, Cameroon experiences two distinct seasons: the dry season and the rainy season,
each lasting approximately six months. The transition between these seasons plays a crucial role in shaping the
dynamics of cholera incidence in the country.

During the dry season, the limited availability of water restricts the development of the pathogenic Vibrio
cholerae bacterium, which is typically transmitted through contaminated water and food. By contrast, the rainy
season—particularly in the coastal region, where the majority of cases are reported—is associated with rising water
levels that increase population exposure to cholera risk. Frequent flooding in this region, as well as landslides that
are more common in the Western and Central parts of the country, further hinder access to healthcare services
for infected individuals.

The results of these observations are illustrated in Figures 11 and 12, which provide a visual overview of the
seasonal impact on cholera transmission. The cosine function employed in this section serves as an appropriate
mathematical representation of seasonal variation. Meanwhile, Figures 9 and 10 correspond to observations during
the dry season, when government-implemented preventive measures appear to be more effective in controlling the
epidemic.

This analysis highlights the critical importance of accounting for seasonal variations in understanding the
evolution of cholera in Cameroon. It emphasizes the need to adapt prevention and intervention strategies to

climatic conditions in order to improve the effectiveness of efforts to combat this devastating infectious disease.
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5 Conclusion

The goal of this study was to formulate and analyze a fractional-order model of the transmission dynamics of
cholera using real data from Cameroon. To this end, we extended existing work by modifying the force of infection
(FOI) and replacing integer-order derivatives with fractional-order derivatives in the Caputo sense.

After formulating the model, we demonstrated the non-negativity and boundedness of solutions, as well as
their existence and uniqueness. Using the Next Generation Matrix Method (NGMM), we determined the control
reproduction number. With an appropriate Lyapunov function, we showed that the cholera-free equilibrium is
globally asymptotically stable whenever the control reproduction number Rec < 1. We also established the exis-
tence of at least one endemic equilibrium point whenever Rc > 1. Several numerical simulations were performed
using the Adams—Bashforth—Moulton method to validate our analytical results and to assess the impact of varying
the fractional parameter on disease spread. Specifically, when Rc¢ < 1, the solutions converge to the cholera-free
equilibrium, while for Rc > 1, the solutions converge to the endemic equilibrium point. Furthermore, the popu-
lation of each compartment decreases as the fractional order decreases. We also investigated cases in which the
transmission rates ¥ and « were time-dependent, and observed disease persistence and the possible existence of
periodic solutions.

Sensitivity analysis revealed that the model is highly sensitive to certain parameters. In future work, we plan
to extend the model by incorporating temporal control parameters and to apply optimal control theory to identify

combinations of interventions capable of rapidly curbing the spread of cholera in Cameroon.
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